Where Are The Problems with Credence Goods? by Uwe Dulleck
Zkhuh duh wkh Sureohpv zlwk Fuhghqfh
JrrgvB￿
Xzh Gxoohfn|dqg Uxgroi Nhuvfkedphu}
Wklv Yhuvlrq +suholplqdu| dqg lqfrpsohwh,= Mdq1 5333
Devwudfw
Zlwk fuhghqfh jrrgv frqvxphuv fdqqrw mxgjh wkh txdolw| wkh| uh0
fhlyh frpsduhg wr wkh txdolw| wkh| qhhg1 Wkh qhhghg txdolw| fdq
rqo| eh revhuyhg e| dq h{shuw vhoohu zkr pd| h{sorlw wkh lqirupdwlrq
dv|pphwu| e| fkhdwlqj1 Lq uhfhqw |hduv ydulrxv frqwulexwlrqv kdyh
dqdo|}hg wkh fuhghqfh jrrgv sureohp xqghu d zlgh ydulhw| ri dvvxps0
wlrqv |lhoglqj htxloleuld h{klelwlqj ydulrxv ghjuhhv ri lqh!flhqflhv dqg
iudxg1 Wkh suhvhqw sdshu suhvhqwv frqglwlrqv xqghu zklfk pdunhw lq0
vwlwxwlrqv vroyh wkh iudxgxohqw h{shuw sureohp dw qr frvw dqg fkdudf0
whul}hv wkh lqh!flhqflhv wkdw dulvh li dw ohdvw rqh ri wkhvh frqglwlrqv
lv ylrodwhg1 Rxu dqdo|vlv qrw rqo| shuplwv d fohduhu glvfulplqdwlrq
ehwzhhq vlwxdwlrqv lq zklfk pdunhwv suhyhqw iudxg dqg wkrvh lq zklfk
wkh| gr qrw> lw dovr khosv wr lghqwli| wkh irufhv gulylqj wkh gl￿huhqw
lqh!flhqf| uhvxowv ghulyhg lq wkh olwhudwxuh1
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44 Lqwurgxfwlrq
Fuhghqfh jrrgv kdyh wkh fkdudfwhulvwlf wkdw/ hyhq zkhq frqvxphuv fdq re0
vhuyh wkh xwlolw| wkh| ghulyh iurp wkh jrrg h{ srvw/ wkh| fdqqrw mxgjh zkhwkhu
wkh txdolw| wkh| uhfhlyhg lv wkh h{ dqwh qhhghg rqh1 Wkxv/ zlwk fuhghqfh
jrrgv fxvwrphuv qhhg wr wuxvw vhoohuv1 Gdue| dqg Nduql +4<:6, dgghg wklv
w|sh ri jrrgv wr Qhovrq*v +4<:3, fodvvl￿fdwlrq lq ruglqdu|/ vhdufk dqg h{shul0
hqfh jrrgv1 Gdue| dqg Nduql phqwlrq surylvlrq ri uhsdlu vhuylfhv/ h{hfxwlrq
ri wd{lfde ulghv dqg uhprydo ri dsshqgl{hv dv w|slfdo h{dpsohv1
Wkh fuhghqfh jrrgv sureohp jdyh ulvh wr d qxpehu ri frqwulexwlrqv zklfk/
wdnhq wrjhwkhu/ |lhog qr jhqhudo slfwxuh uhjduglqj wkh lqh!flhqflhv dulvlqj
iurp wkh lqirupdwlrq dv|pphwu|> udwkhu/ wkh uhvxowv vhhp wr ghshqg vhqvl0
wlyho| rq wkh vshfl￿f dvvxpswlrqv ri wkh prghov1
Wkh dvvxpswlrqv pdgh e| wkh dxwkruv ydu| dorqj vhyhudo glphqvlrqv= Wkh
dqdo|}hg pdunhw frqglwlrqv udqjh iurp h{shuwv kdylqj vrph ghjuhh ri pdunhw
srzhu +Slwfkln dqg Vfkrwwhu 4<;:/ Hprqv 4<<8, wr frpshwlwlyh iudphzrunv
+Zrolqvn| 4<<6 dqg 4<<8/ Hprqv 4<<:,1 Dovr/ vrph dxwkruv frqvlghu prghov
zkhuh wkh uljkw wuhdwphqw ￿{hv wkh sureohp iru vxuh +Slwfkln dqg Vfkrwwhu
4<;:/ Zrolqvn| 4<<6 dqg 4<<8,/ rwkhuv irfxv rq iudphzrunv zkhuh vxffhvv lv
d vwrfkdvwlf ixqfwlrq ri vhuylfh lqsxw +Gdue| dqg Nduql 4<:6/ Hprqv 4<<8
dqg 4<<:,1 Vrph dxwkruv dvvxph wkdw h{shuwv fdq vhuyh duelwudulo| pdq|
fxvwrphuv dw lq txdqwlw| frqvwdqw +Zrolqvn| 4<<6 dqg 4<<8, ru lqfuhdvlqj
+Gdue| dqg Nduql 4<:6, pdujlqdo frvw/ lq rwkhu frqwulexwlrqv h{shuwv duh
fdsdflw| frqvwudlqhg +Hprqv 4<<8 dqg 4<<:,1 Dovr/ lq vrph frqwulexwlrqv
h{shuwv duh deoh wr srvw wdnh0lw0ru0ohdyh0lw sulfhv +Zrolqvn| 4<<6/ Hprqv 4<<8
dqg 4<<:,/ lq rwkhuv sulfhv duh ghwhuplqhg lq d elodwhudo edujdlqlqj surfhvv
+Zrolqvn| 4<<8,/ vwloo rwkhuv frqvlghu prghov zkhuh sulfhv duh h{rjhqrxvo|
jlyhq +Gdue| dqg Nduql 4<:6/ Slwfkln dqg Vfkrwwhu 4<;:,1
Ilqdoo|/ wkhuh lv qrw hyhq frqvhqvxv dprqj wkh dxwkruv rq zkdw frqvwl0
wxwhv wkh pdlq dvshfw ri wkh fuhghqfh jrrgv sureohp= Vrph dxwkruv dqdo|}h
h{shuwv* lqfhqwlyh wr xqghu0 ru ryhuwuhdw fxvwrphuv +l1h1/ wr surylgh wuhdw0
phqw ri dq lqdssursuldwh orz ru kljk txdolw|, dv/ h1j1/ Hprqv +4<<8 dqg
4<<:,/ rwkhuv wkhlu whpswdwlrq wr ryhufkdujh wkh folhqwhoh +wkdw lv/ wr fkdujh
iru d wuhdwphqw txdolw| qrw surylghg,/ dv iru lqvwdqfh Zrolqvn| +4<<6 dqg
4<<8,/ dqg lq vwloo rwkhu frqwulexwlrqv lw lv qrw fohdu dw doo zklfk ri wkhvh wzr
sureohpv lv uhdoo| frqvlghuhg +Gdue| dqg Nduql 4<:6/ Slwfkln dqg Vfkrwwhu
54<;:,41
Jlyhq wkh zlgh ydulhw| lq wkh dqdo|}hg sureohpv lw lv qrw vxusulvlqj wkdw
wkh sursrvhg vroxwlrqv h{klelw d eurdg udqjh ri gl￿huhqw htxloleulxp ehkdy0
lru= Wkhuh duh sxuh vwudwhj| htxloleuld lq zklfk h{shuwv ryhuwuhdw frqvxphuv
+Gdue| dqg Nduql 4<:6,/ dqg sxuh vwudwhj| htxloleuld lq zklfk wkh fuhghqfh
jrrgv lqirupdwlrq dv|pphwu| jlyhv ulvh wr h{fhvvlyh vhdufk dqg gldjqrvlv
frvwv +Zrolqvn| 4<<6,1 Wkhuh duh pl{hg vwudwhj| htxloleuld zkhuh wkh pdu0
nhw rxwfrph lqyroyhv iudxg lq wkh irup ri ryhufkdujlqj ri frqvxphuv +Slwfkln
dqg Vfkrwwhu 4<;:/ dqg Zrolqvn| 4<<8,1 Dqg wkhuh duh dovr htxloleuld zkhuh
wkh rqo| lqh!flhqflhv lq wkh fuhghqfh jrrgv pdunhw duh h{shuwv* lqh!flhqw
fdsdflw| ohyhov +Hprqv 4<<:,1 Wkxv/ iru wkh qrq0h{shuw uhdghu wkh ryhudoo slf0
wxuh lv udwkhu eoxuuhg/ l1h1/ lw lv idluo| gl!fxow wr mxgjh zklfk vhw ri frqglwlrqv
gulyhv wkh suhvhqwhg uhvxowv1
Wkh suhvhqw sdshu surylghv d yhu| vlpsoh prgho ri fuhghqfh jrrgv1 Wkh
dqdo|vlv ri wklv vlpsoh iudphzrun qrw rqo| shuplwv d fohduhu glvfulplqdwlrq
ehwzhhq vlwxdwlrqv lq zklfk pdunhw lqvwlwxwlrqv vroyh wkh iudxgxohqw h{shuw
sureohp zlwkrxw dq| frvw dqg wkrvh zkhuh wkh| gr qrw> lw dovr khosv wr
lghqwli| wkh irufhv gulylqj wkh ydulrxv lqh!flhqf| uhvxowv lq wkh olwhudwxuh1
Iluvw zh suhvhqw frqglwlrqv ohdglqj wr dq h!flhqw vroxwlrq iru wkh fuhghqfh
jrrgv sureohp uhjdugohvv ri doo rwkhu sdudphwhuv1 Wkhq zh vkrz wkdw yluwx0
doo| doo h{lvwlqj uhvxowv rq lqh!flhqflhv lq wkh fuhghqfh jrrgv pdunhw fdq eh
rewdlqhg e| uhod{lqj rqh ri wkhvh frqglwlrqv1 Wkh frqglwlrqv ohdglqj wr dq
h!flhqw vroxwlrq duh +l, wkdw h{shuw vhoohuv idfh krprjhqhrxv fxvwrphuv/ +ll,
wkdw wkhuh h{lvw odujh hfrqrplhv ri vfrsh ehwzhhq gldjqrvlv dqg wuhdwphqw/
dqg +lll, wkdw hlwkhu wkh w|sh ri wuhdwphqw lv yhul￿deoh/ ru d oldelolw| uxoh lv
lq h￿hfw surwhfwlqj frqvxphuv iurp rewdlqlqj dq lqdssursuldwh lqh{shqvlyh
4Li wkh frvw ri wuhdwphqw lv lqfuhdvlqj lq txdolw| 0 dq dvvxpswlrq w|slfdoo| pdgh lq
wkh fuhghqfh jrrgv olwhudwxuh 0 wkhq ryhufkdujlqj d fxvwrphuv lq vwulfwo| pruh sur￿wdeoh
wkdq ryhuwuhdwlqj klp1 Vr ryhuwuhdwphqw fdq rqo| eh d sureohp li ryhufkdujlqj lv lpsrv0
vleoh ehfdxvh wkh txdolw| ri wkh wuhdwphqw lv yhul￿deoh1 Hprqv +4<<8 dqg 4<<:, h{solflwo|
dvvxphv wkdw wkh txdolw| ri wuhdwphqw lv yhul￿deoh dqg vwxglhv wkh sureohp ri ryhu0 dqg
xqghuwuhdwphqw1 Zrolqvn| +4<<6/ 4<<8, dqdo|vhv h{shuwv* whpswdwlrq wr ryhufkdujh wkhlu
fxvwrphuv/ lpsolflwo| dvvxplqj wkdw wkh w|sh ri wuhdwphqw lv xqrevhuydeoh1 Slwfkln dqg
Vfkrwwhu +4<;:, vshfli| wkh sd|r￿v lq d zd| wkdw pdnhv lw lpsrvvleoh wr glvhqwdqjoh wkh wzr
skhqrphqd1 Dqg lq Gduel dqg Nduql +4<;6, wkh lpsolflw dvvxpswlrq uhjduglqj revhuydelo0
lw|2yhul￿delolw| ydulhv dffruglqj wr zkhwkhu fdsdflw| h{fhhgv ghpdqg ru ylfh yhuvd1I r u
wkh iruphu fdvh wkh| dqdo|}h h{shuwv* lqfhqwlyh wr ryhuwuhdw fxvwrphuv/ lpsolflwo| dvvxplqj
wkdw wkh w|sh ri wuhdwphqw lv yhul￿deoh1 Iru wkh odwwhu fdvh wkh| glvfxvv wkh lqfhqwlyh wr
fkdujh iru wuhdwphqwv qrw surylghg/ lpsolflwo| dvvxplqj qrq0yhul￿delolw|1
6wuhdwphqw/ ru erwk1
Dg +l, Wkdw frqvxphuv duh krprjhqhrxv lv d vwdqgdug dvvxpswlrq lq wkh
irupdo olwhudwxuh rq fuhghqfh jrrgv15 Wklv dvvxpswlrq lv reylrxvo| xquhdolv0
wlf1 Krzhyhu/ lw vhuyhv dv d xvhixo ehqfkpdun1
Dg +ll, Hfrqrplhv ri vfrsh ehwzhhq gldjqrvlv dqg wuhdwphqw duh riwhq
vhhq dv d frqvwlwxhqw ihdwxuh ri fuhghqfh jrrgv vlqfh wkh| pdnh vhsdudwh sur0
ylvlrq ri wkhvh vhuylfhv e| lqghshqghqw h{shuwv xqdwwudfwlyh1 Wkh pdjqlwxgh
ri wkhvh hfrqrplhv ghshqgv xsrq wkh jrrg ru vhuylfh frqvlghuhg1 Fohduo|/
wkh dvvxpswlrq ri odujh hfrqrplhv ri vfrsh lv pruh sodxvleoh lq hqylurq0
phqwv zkhuh gldjqrvlv lv d e|0surgxfw ri wkh dfwxdo uhsdlu surfhvv dqg zkhuh
d uhsdlu h{shuw zkr ohduqv wkh gldjqrvlv iurp d gldjqrvlv h{shuw grhv qrw
jdlq pxfk ehfdxvh wkh uhfrpphqgdwlrq grhv qrw uhyhdo dq|wklqj wkdw zrxog
qrw kdyh ehhq uhyhdohg gxulqj wkh uhsdlu surfhvv dq|zd|1 Iru h{dpsoh/ lq
vxujhu| dqg lq frpsolfdwhg uhsdluv wklv dvvxpswlrq lv dssursuldwh6/ zkhuhdv
iru vlpsoh uhsdluv dqg suhvfulswlrq dqg suhsdudwlrq ri guxjv lw lv qrw1 Sur0
irxqg hfrqrplhv ri vfrsh ehwzhhq gldjqrvlv dqg wuhdwphqw kdyh wkh h￿hfw
wkdw fxvwrphu dqg h{shuw duh wlhg wrjhwkhu rqfh wkh gldjqrvlv lv pdgh1
Dg +lll, Zlwkrxw h{fhswlrq doo frqwulexwlrqv wr wkh fuhghqfh jrrgv olwhud0
wxuh lpsolflwo| ru h{solflwo| dvvxph hlwkhu yhul￿delolw| ru oldelolw| +exw qhyhu
erwk, wr krog1 Wkh dvvxpswlrq wkdw wkh w|sh ri wuhdwphqw lv yhul￿deoh lv
pruh sodxvleoh lq hqylurqphqwv zkhuh wkh fxvwrphu lv sk|vlfdoo| dqg phq0
wdoo| suhvhqw gxulqj wkh wuhdwphqw wkdq iru wkh dowhuqdwlyh fdvh zkhuh kh lv
qrw17 Iru h{dpsoh/ iru ghqwdo vhuylfhv dqg plqru fdu0 ru dssoldqfh0uhsdluv
wklv dvvxpswlrq lv olnho| wr eh dssursuldwh/ zkhuhdv iru pruh vrsklvwlfdwhg
uhsdluv +zkhuh wkh fxvwrphu lv xqolnho| wr zdlw iru wkh uhsdlu wr eh shuiruphg
lq klv vljkw, dqg vxujhu| +zkhuh wkh sdwlhqw lv riwhq lq d frpd gxulqj wkh
wuhdwphqw, lw lv qrw1 Xqghu yhul￿delolw| wkh h{shuw fdqqrw fkdujh wkh fxv0
wrphu iru d wuhdwphqw qrw surylghg1 Zkhuhdv iru wkh yhul￿delolw| dvvxpswlrq
5Wkh rqo| frqwulexwlrq zlwk khwhurjhqhrxv frqvxphuv lv wkh pruh yhuedo sdshu e|
Gdue| dqg Nduql +4<:6,1
6Dv Gdue| dqg Nduql +4<:6/ IQ 5, kdyh sxw lw/ ￿11lw lv hdvlhu wr uhsdlu dq| gdpdjh
zkloh wkh wudqvplvvlrq ru ehoo| lv rshq wr vhh zkdw lv zurqj/ wkdq wr sxw hyhu|wklqj edfn
wrjhwkhu dqg jr hovhzkhuh wr uhshdw wkh surfhvv iru wkh dfwxdo uhsdlu1￿
7Wkhuh duh/ ri frxuvh/ h{fhswlrqv wr wklv uxoh1 Iru lqvwdqfh/ d fxvwrphu lv olnho| wr eh
deoh wr yhuli| zkhwkhu wkh px"hu ri klv fdu kdv ehhq uhsodfhg ru rqo| uhsdluhg hyhq li
kh kdv wdnhq wkh fdu wr wkh phfkdqlf lq wkh pruqlqj dqg slfnhg lw xs lq wkh hyhqlqj1
Iru uhsdluv frqfhuqlqj lqwhulru sduwv/ rq wkh rwkhu kdqg/ wkh uxoh vhhpv wr dsso|= Wkh
fxvwrphu lv deoh wr hydoxdwh rqo| wkh uhvxow exw qrw wkh w|s ri wuhdwphqw li kh zdv qrw
sk|vlfdoo| suhvhqw gxulqj wkh uhsdlu surfhvv1
7wr krog wkh w|sh ri wuhdwphqw kdv wr eh yhul￿deoh/ iru oldelolw| zh qhhg yhul￿0
delolw| ri uhvxowv1 Wkxv/ oldelolw| uxohv duh pruh olnho| wr eh lq irufh iru uhsdlu
vhuylfhv wkdq iru phglfdo wuhdwphqwv zkhuh wkh uhvxow lv riwhq yhu| vxemhfwlyh/
l1h1 rqo| revhuyhg e| wkh sdwlhqw1 Xqghu wkh oldelolw| dvvxpswlrq wkh h{shuw
lv suhyhqwhg iurp surylglqj dq lqh{shqvlyh wuhdwphqw zkhq d pruh h{shqvlyh
rqh lv qhhghg18
Zh vkdoo vkrz wkdw lqh!flhqw udwlrqlqj dqg lqh!flhqw wuhdwphqw ri vrph
frqvxphu jurxsv pd| dulvh li frqglwlrq +l, idlov wr krog/ wkdw htxloleuld lqyroy0
lqj ryhufkdujlqj ri fxvwrphuv/ ru gxsolfdwlrq ri vhdufk dqg gldjqrvlv frvwv
pd| uhvxow li frqglwlrq +ll, lv ylrodwhg/ dqg wkdw wkh fuhghqfh jrrgv pdunhw
pd| euhdn grzq dowrjhwkhu li frqglwlrq +lll, grhvq*w krog1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq lqwurgxfhv
wkh prgho1 Lq Vhfwlrq 6 zh vkrz wkdw pdunhw lqvwlwxwlrqv vroyh wkh iudxgxohqw
h{shuw sureohp dw qr frvw zkhq frqglwlrqv +l,/ +ll, dqg +lll, krog1 Lq wkh
vxevhtxhqw vhfwlrq zh fkdudfwhul}h wkh lqh!flhqflhv wkdw dulvh li dw ohdvw rqh
ri wkhvh frqglwlrqv lv ylrodwhg1 Vhfwlrq 8 frqfoxghv1 Vrph surriv duh uhohjdwhg
wr wkh Dsshqgl{1
5 D Edvlf Prgho ri Fuhghqfh Jrrgv
Lq wklv vhfwlrq/ zh ￿uvw lqwurgxfh d vlpsoh prgho ri fuhghqfh jrrgv/ fkdudf0
whul}hg e| wkhlu txdolw| +ru frvw, dqg wkh xwlolw| wkh| jhqhudwh iru fxvwrphuv1
Wkhq zh vshfli| wkh pdunhw iru wkhvh jrrgv1
Zlwk fuhghqfh jrrgv/ hyhq zkhq fxvwrphuv fdq revhuyh wkh xwlolw| wkh|
ghulyh iurp wkh jrrg h{ srvw/ wkh| fdqqrw whoo zkhwkhu wkh txdolw| ri wkh jrrg
ru vhuylfh wkh| uhfhlyhg lv wkh h{ dqwh qhhghg rqh1 Ixuwkhupruh/ ghshqglqj
rq wkh frqfuhwh iudphzrun/ frqvxphuv pd| dovr eh xqdeoh wr revhuyh zklfk
txdolw| wkh| dfwxdoo| uhfhlyhg1 Wkxv/ zlwk fuhghqfh jrrgv fxvwrphuv qhhg wr
wuxvw h{shuw vhoohuv1 Wr uhihu wr h{dpsohv/ frqvlghu shuvrqdo frpsxwhuv1 Dq
h{shuw vhoohu fdq khos wr ￿qg wkh uljkw txdolw| wkdw ￿wv fxvwrphuv* qhhgv1 D
fxvwrphu zloo qrw eh deoh wr whoo zkhqhyhu kh uhfhlyhg d wrr kljk txdolw|1 Rqo|
dq lqdssursuldwh orz txdolw| lv ghwhfwhg1 Vlploduo|/ d fdu zlwk d qhz px"hu
zloo zrun dv zhoo dv zlwk wkh uhsdlu ri wkh rog px"hu zkhq d uhsdlu zrxog
8Dq dowhuqdwlyh wr d jhqhudo oldelolw| uxoh +lqwurgxfhg e| odz, lv d zduudqw| +gudzq
xs e| wkh h{shuw, lq zklfk wkh h{shuw surplvhv wr sd| wkh fxvwrphu d vx!flhqwo| odujh
dprxqw ri prqh| li wkh wuhdwphqw idlov1 Dv iru wkh oldelolw| uxoh/ yhul￿delolw| ri uhvxowv lv
uhtxluhg iru hqirufhphqw ri wkh uxoh1
8Fxvwrphu*v xwlolw| Fxvwrphu qhhgv
S S
Fxvwrphu S ￿ f
jhwv S ￿ ￿
Wdeoh 4= Xwlolw| iurp d Fuhghqfh Jrrg
kdyh ehhq vx!flhqw1 Wkh fxvwrphu fdqqrw whoo zkhwkhu wkh qhz sduw zdv
uhdoo| qhhghg1 Wkh vdph sureohp dulvhv zkhq vhhlqj d grfwru= Dv orqj dv wkh
sdwlhqw ihhov dv khdowk| dv kh wklqnv lw zdv srvvleoh/ kh fdqqrw whoo zkhwkhu kh
zdv wuhdwhg fruuhfwo| ru zdv ryhuwuhdwhg1 Dv lq wkh rwkhu h{dpsohv/ fxvwrphuv
duh rqo| deoh wr ghwhfw wrr olwwoh wuhdwphqw1
Wr prgho wklv vlwxdwlrq/ zh dvvxph wkdw d fxvwrphu +kh, kdv hlwkhu d +pl0
qru, sureohp uhtxlulqj d fkhds wuhdwphqw Sc ru d +pdmru, sureohp uhtxlulqj
d pruh h{shqvlyh wuhdwphqw S￿ Wkh fxvwrphu nqrzv wkdw kh kdv d sureohp/
exw grhv qrw nqrz krz vhyhuh lw lv1 Kh rqo| nqrzv wkdw kh kdv dq h{ dqwh
suredelolw| ri ￿ wkdw kh kdv wkh pdmru sureohp dqg d suredelolw| ri E￿ ￿ ￿￿
wkdw kh kdv wkh plqru rqh1 Dq h{shuw +vkh,/ rq wkh rwkhu kdqg/ lv deoh wr
ghwhfw wkh w|sh ri sureohp e| shuiruplqj d gldjqrvlv1 Vkh fdq wkhq surylgh
wkh dssursuldwh wuhdwphqw1 Wkh frvw ri wkh pruh h{shqvlyh wuhdwphqw lv S
dqg wkh frvw ri wkh fkhds wuhdwphqw lv Sc zlwk S:S ￿ 9 Wkh pruh h{shqvlyh
wuhdwphqw ￿{hv hlwkhu sureohp zkloh wkh fkhds rqh lv rqo| jrrg iru wkh plqru
sureohp1
Wdeoh 4 uhsuhvhqwv wkh jurvv xwlolw| ri d fxvwrphu jlyhq wkh w|sh ri wuhdw0
phqw kh qhhgv dqg wkh w|sh kh jhwv1 Li wkh w|sh ri wuhdwphqw lv vx!flhqw/ d
fxvwrphu jhwv xwlolw| ￿￿ Rwkhuzlvh kh jhwv 31 Wkh fuhghqfh jrrg fkdudfwhu0
lvwlf vwhpv iurp wkh idfw wkdw wkh fxvwrphu lv vdwlv￿hg lq wkuhh rxw ri irxu
fdvhv1 Lq jhqhudo/ kh lv vdwlv￿hg zkhqhyhu kh jhwv d wuhdwphqw txdolw| dw ohdvw
dv jrrg dv wkh qhhghg rqh1 Rqo| lq rqh fdvh/ zkhuh kh kdv wkh pdmru sureohp
exw jhwv wkh fkhds wuhdwphqw/ kh zloo glvfryhu h{ srvw zkdw kh qhhghg dqg
z k d wk hj r w 1
Wzr nlqgv ri iudxg kdyh ehhq wkh irfxv ri uhvhdufk lq wkh fuhghqfh jrrgv
olwhudwxuh1: Wkh ￿uvw nlqg lv wkh surylvlrq ri dq lqh!flhqw wuhdwphqw1 Rq wkh
9Iru frqyhqlhqfh/ erwk wkh w|sh ri wuhdwphqw dqg wkh dvvrfldwhg frvw lv ghqrwhg e| f=
:Wkhuh duh/ ri frxuvh/ d qxpehu ri rwkhu srwhqwldo sureohpv +dqg wkhuhzlwk d qxpehu
ri rwkhu vrxufhv iru iudxg, lq wkh fuhghqfh jrrgv pdunhw1 Iru h{dpsoh/ h{shuwv pd| gl￿hu
lq wkhlu delolw| wr shuirup d gldjqrvlv ru d wuhdwphqw/ dqg wklv delolw| pd| eh wkhlu rzq
9rqh kdqg/ lw lv lqh!flhqw li wkh fxvwrphu jhwv wkh fkhds wuhdwphqw zkhq
kh dfwxdoo| kdv wkh pdmru sureohp1 Rq wkh rwkhu kdqg/ lw lv lqh!flhqw
li wkh fxvwrphu jhwv wkh h{shqvlyh wuhdwphqw zkhq kh rqo| kdv wkh plqru
sureohp1 Zh odeho wkh iruphu lqh!flhqf| dv xqghu0/ wkh odwwhu dv ryhuwuhdw0
phqw1 Ryhuwuhdwphqw fdqqrw eh uxohg rxw e| odz vlqfh lw lv qhyhu ghwhfwhg1
Zkhwkhu dq h{shuw pd| eh whpswhg wr xqghuwuhdw fxvwrphuv ghshqgv rq wkh
lqvwlwxwlrqdo duudqjhphqwv suhvhqw lq wkh pdunhw1 Vrph frqwulexwlrqv wr wkh
fuhghqfh jrrgv olwhudwxuh lpsolflwo| ru h{solflwo| dvvxph wkdw d oldelolw| uxoh
lv lq h￿hfw/ pdnlqj h{shuwv oldeoh iru surylglqj dq lqdssursuldwh lqh{shqvlyh
wuhdwphqw1 Vxfk d oldelolw| uxoh suhyhqwv xqghuwuhdwphqw1 Zh uhihu wr wklv dv
wkh oldelolw| dvvxpswlrq +Dvvxpswlrq O,1
Dvvxpswlrq O +Oldelolw|, Dq h{shuw fdqqrw surylgh wkh fkhds wuhdwphqw
S li wkh h{shqvlyh wuhdwphqw S lv qhhghg1
Dq h{shuw fdq ghiudxg frqvxphuv lq d vhfrqg zd|1 Vkh pljkw fodlp wr
kdyh vxssolhg wkh h{shqvlyh wuhdwphqw S/ hyhq li kh kdv rqo| surylghg S1 Wklv
nlqg ri iudxg lv odehoohg ryhufkdujlqj1 Zkhwkhu ryhufkdujlqj srvhv sureohpv
ghshqgv rq wkh whfkqlfdo delolw| ri fxvwrphuv1; Zh frqvlghu wzr vhwwlqjv1 Lq
wkh ￿uvw/ d fxvwrphu lv qhlwkhu deoh wr revhuyh wkh w|sh ri wuhdwphqw kh qhhgv
qru wkh w|sh kh jhwv1 Kh rqo| revhuyhv h{ srvw zkhwkhu wkh w|sh ri wuhdwphqw
kh jrw zdv vx!flhqw wr vroyh klv sureohp1 Lq wklv vhwwlqj ryhufkdujlqj pljkw
eh sur￿wdeoh1 Lq wkh dowhuqdwlyh fdvh wkh fxvwrphu fdq revhuyh dqg yhuli| wkh
w|sh ri wuhdwphqw kh jhwv1 Xqghu wklv dvvxpswlrq dq h{shuw fdqqrw fkdujh
iru d wuhdwphqw qrw surylghg1 Zh uhihu wr wklv dv wkh yhul￿delolw| dvvxpswlrq
+Dvvxpswlrq Y,1
Dvvxpswlrq Y +Yhul￿delolw|, Dq h{shuw fdqqrw fkdujh iru wkh kljk frvw
wuhdwphqw S li vkh kdv surylghg wkh orz frvw wuhdwphqw S1
sulydwh lqirupdwlrq1 Ru/ wkh h￿ruw ehvwrzhg e| dq h{shuw lq wkh gldjqrvlv vwdjh pd|
eh xqrevhuydeoh1 Zh ljqruh wkhvh sureohpv khuh/ qrw ehfdxvh zh uhjdug wkhp dv ohvv
lpsruwdqw/ exw udwkhu ehfdxvh wkh| vhhp wr eh ohvv vshfl￿f wr wkh fuhghqfh jrrgv pdunhw1
Iru dq dqdo|vlv ri d vlwxdwlrq zkhuh h￿ruw lv qhhghg wr gldjqrvh wkh fxvwrphu dqg zkhuh
dq h{shuw*v h￿ruw lqyhvwphqw lv xqrevhuydeoh vhh Shvhqgruihu dqg Zrolqvn| +4<<<,1
;Dq xqghufkdujlqj lqfhqwlyh rqo| h{lvwv li wkh sulfh ri wkh h{shqvlyh wuhdwphqw lv vxfk
wkdw fxvwrphuv uhmhfw li uhfrpphqghg wklv wuhdwphqw/ dqg li wkh sulfh ri wkh fkhds wuhdw0
phqw h{fhhgv wkh frvw ri wkh h{shqvlyh rqh1 Vxfk sulfh frpelqdwlrqv duh qrw revhuyhg lq
htxloleulxp1
:Ohw xv qrz ghvfuleh wkh pdunhw hqylurqphqw1 Wkhuh lv d srsxodwlrq ri ? ￿
￿ lghqwlfdo ulvn0qhxwudo h{shuwv lq wkh fuhghqfh jrrgv pdunhw1 Hdfk h{shuw
fdq vhuyh duelwudulo| pdq| fxvwrphuv1 Wkh h{shuwv vlpxowdqhrxvo| srvw wdnh0
lw0ru0ohdyh0lw sulfhv1 Ohw R￿ ghqrwh wkh sulfh srvwhg e| h{shuw ￿"i￿c￿￿￿c?j iru
wkh kljk frvw wuhdwphqw S/ dqg R￿ wkh sulfh srvwhg iru wkh fkhds wuhdwphqw
S1 Dq h{shuw*v sur￿w lv wkh vxp ri uhyhqxhv plqxv frvwv ryhu wkh fxvwrphuv
vkh wuhdwhg1 E| dvvxpswlrq/ dq h{shuw surylghv wkh dssursuldwh wuhdwphqw li
vkh lv lqgl￿huhqw ehwzhhq surylglqj wkh dssursuldwh dqg surylglqj wkh zurqj
wuhdwphqw/ dqg wklv idfw lv frpprq nqrzohgjh dprqj doo sod|huv1
Wkhuh lv d srsxodwlrq ri 6 ￿ ￿ lghqwlfdo ulvn0qhxwudo frqvxphuv lq wkh
pdunhw1 Hdfk frqvxphu lqfxuv d gldjqrvlv frvw _ shu h{shuw kh ylvlwv lqgh0
shqghqwo| ri zkhwkhu kh lv dfwxdoo| wuhdwhg ru qrw1< Wkdw lv/ d frqvxphu zkr
uhvruwv wr o h{shuwv iru frqvxowdwlrq ehduv d wrwdo gldjqrvlv frvw ri o_￿ Wkh qhw
sd|r￿ ri d fxvwrphu zkr kdv ehhq wuhdwhg e| dq h{shuw lv klv jurvv ydoxdwlrq
dv ghslfwhg lq Wdeoh 4 plqxv wkh sulfh sdlg iru wkh wuhdwphqw plqxv wrwdo
gldjqrvlv frvw1 Wkh sd|r￿ ri d frqvxphu zkr kdv qrw ehhq wuhdwhg lv klv
uhvhuydwlrq sd|r￿/ zklfk zh qrupdol}h wr htxdo }hur/ plqxv wrwdo gldjqrvlv
frvw143 E| dvvxpswlrq/ lw lv h{ dqwh h!flhqw wkdw d frqvxphu lv wuhdwhg zkhq
kh kdv d sureohp1 Wkdw lv/ ￿ ￿ _ ￿ ￿S ￿E￿￿￿￿S : f￿ Dovr/ jhwwlqj wkh pruh
h{shqvlyh wuhdwphqw S li qhhghg lv dvvxphg wr eh pruh h!flhqw wkdq jhwwlqj
wkh fkhds rqh/ l1h1/ ￿:S￿S ￿Ilqdoo|/ li d frqvxphu lv lqgl￿huhqw ehwzhhq
ylvlwlqj dq h{shuw dqg qrw ylvlwlqj dq h{shuw/ kh lv dvvxphg wr ghflgh iru
d ylvlw/ dqg li d fxvwrphu zkr ghflghv iru d ylvlw lv lqgl￿huhqw ehwzhhq wzr
ru pruh h{shuwv kh lv dvvxphg wr udqgrpl}h +zlwk htxdo suredelolw|, dprqj
wkhp1
Frqvxphuv pd| gl￿hu lq wkhlu ￿ulvn￿ ￿ dqg lq wkhlu jurvv ydoxdwlrq ￿1
Iroorzlqj wkh uhvw ri wkh olwhudwxuh rq fuhghqfh jrrgv zh dvvxph lq Vhfwlrq 6
wkdw fxvwrphuv duh lghqwlfdo1 Zh uhihu wr wklv dv wkh krprjhqhlw| dvvxpswlrq
+Dvvxpswlrq K,1
Dvvxpswlrq K +Krprjhqhlw|, Doo fxvwrphuv kdyh wkh vdph suredelolw|
￿ dqg wkh vdph ydoxdwlrq ￿1
<Surylvlrq ri wuhdwphqw zlwkrxw gldjqrvlv lv dvvxphg wr eh lpsrvvleoh1 Wkh gldjqrvlv
frvw g lv dvvxphg wr lqfoxgh wkh wlph dqg h￿ruw frvw lqfxuuhg e| wkh fxvwrphu dqg d idlu
gldjqrvlv ihh sdlg wr wkh h{shuw wr fryhu khu rssruwxqlw| frvw1
43Khuh/ wkh lpsolflw dvvxpswlrq lv wkdw wkh rxwvlgh rswlrq lv qrw wr eh wuhdwhg dw doo1
Gxoohfn +4<<<, glvfxvvhv wkh dowhuqdwlyh fdvh zkhuh d glvfrxqwhu 0 r￿hulqj qr h{shuwlvh 0 lv
dq rxwvlgh rswlrq iru wkh surylvlrq ri d fuhghqfh jrrg e| dq h{shuw1 Lq wklv frqwh{w/ wkh
uhvhuydwlrq sd|r￿ lv wkh xwlolw| wkh fxvwrphu jhwv li kh lv vhuyhg e| wkh glvfrxqwhu1
;Uhjduglqj wkh pdjqlwxgh ri hfrqrplhv ri vfrsh ehwzhhq gldjqrvlv dqg
wuhdwphqw wkhuh duh wzr gl￿huhqw vfhqdulrv wr frqvlghu1 Li wkhvh hfrqrplhv
duh vpdoo/ vhsdudwlrq ri gldjqrvlv dqg wuhdwphqw ru frqvxowdwlrq ri vhyhudo
h{shuwv pd| ehfrph dwwudfwlyh1 Zlwk surirxqg hfrqrplhv ri vfrsh/ rq wkh
rwkhu kdqg/ h{shuw dqg fxvwrphu duh lq h￿hfw wlhg wrjhwkhu rqfh wkh gldjqrvlv
lv djuhhg xsrq1 Zh zloo ghwhuplqh wkh h{dfw frqglwlrqv xqghu zklfk wklv
rffxuv lq Vhfwlrq 71 Lq Vhfwlrq 6 zh zloo zrun zlwk wkh iroorzlqj vkruw0fxw
dvvxpswlrq zklfk zh uhihu wr dv wkh frpplwphqw dvvxpswlrq +Dvvxpswlrq
F,1
Dvvxpswlrq F +Frpplwphqw, Rqfh wkh gldjqrvlv lv djuhhg xsrq/ wkh
fxvwrphu lv frpplwwhg wr xqghujr d wuhdwphqw e| wkh h{shuw1
Wkh wlph dqg lqirupdwlrq vwuxfwxuh lv dv iroorzv1 Wkh yduldeohv ￿c￿cS dqg
S duh frpprq nqrzohgjh1 Dw wkh rxwvhw wkh h{shuw+v vlpxowdqhrxvo|, srvw
sulfhv R￿ dqg R￿ iru S dqg Sc uhvshfwlyho|1 Frqvxphuv revhuyh wkh txrwhg sulfhv
dqg wkhq ghflgh zkhwkhu wr xqghujr d gldjqrvlv e| dq h{shuw ru qrw/ dqg li
|hv/ e| zklfk h{shuw1 Dq h{shuw zkr jhwv ylvlwhg e| d fxvwrphu gldjqrvhv
wkh fxvwrphu1 Lq wkh frxuvh ri wkh gldjqrvlv vkh ohduqv wkh fxvwrphu*v sure0
ohp dqg uhfrpphqgv hlwkhu wkh fkhds ru wkh h{shqvlyh wuhdwphqw1 Xqghu wkh
frpplwphqw dvvxpswlrq vkh wkhq surylghv d wuhdwphqw1 Zlwkrxw frpplw0
phqw wkh fxvwrphu fdq uhixvh wr xqghujr d wuhdwphqw> rqo| li kh djuhhv wkh
h{shuw surylghv d wuhdwphqw144 Wkh jdph hqgv zlwk wkh h{shuw fkdujlqj iru
wkh uhfrpphqghg wuhdwphqw1
Zlwk frpplwphqw wkh vlwxdwlrq mxvw ghvfulehg fdq eh uhsuhvhqwhg e| d
pxowl0vwdjh jdph zlwk revhuyhg dfwlrqv dqg frpsohwh lqirupdwlrq +l1h1/ e| d
￿jdph ri doprvw0shuihfw lqirupdwlrq￿,145 Wkh qdwxudo vroxwlrq frqfhsw iru
vxfk d jdph lv vxejdph0shuihfw htxloleulxp dqg zh zloo uhvruw wr lw lq Vhfwlrq
61 Vxejdph0shuihfwlrq orrvhv pxfk ri lwv elwh lq wkh qrq0frpplwphqw fdvh
zkhuh wkh ohvv0lqiruphg fxvwrphu kdv wr ghflgh zkhwkhu wr vwd| ru wr ohdyh
zlwkrxw nqrzlqj zkhwkhu wkh ehwwhu0lqiruphg h{shuw kdv uhfrpphqghg wkh
44Wkurxjkrxw zh dvvxph wkdw dq h{shuw*v djuhhphqw wr shuirup wkh gldjqrvlv phdqv d
frpplwphqw wr surylgh d wuhdwphqw hyhq li wuhdwphqw0surylvlrq lv qrw sur￿wdeoh iru wkh
h{shuw1 Wklv dvvxpswlrq lv qrw lpsruwdqw iru rxu uhvxowv dqg zh phqwlrq lq irrwqrwhv
zkdw fkdqjhv li wkh h{shuw lv iuhh wr vhqg r￿ wkh fxvwrphu diwhu kdylqj frqgxfwhg wkh
gldjqrvlv1
45Wr vhh wklv/ qrwh wkdw wkh frpplwphqw vfhqdulr fdq eh ghvfulehg e| dq h{whqvlyh irup
jdph lq zklfk qdwxuh fkrrvhv wkh vhyhulw| ri wkh fxvwrphu*v sureohp diwhu wkh fxvwrphu
kdv frqvxowhg wkh h{shuw +exw ehiruh wkh h{shuw shuirupv wkh gldjqrvlv,1
<uljkw ru wkh zurqj wuhdwphqw1 Wr h{whqg wkh vslulw ri vxejdph0shuihfwlrq
wr wklv jdph ri lqfrpsohwh lqirupdwlrq/ zh uhtxluh wkdw vwudwhjlhv |lhog d
Ed|hv0Qdvk htxloleulxp qrw rqo| iru hdfk surshu vxejdph/ exw dovr iru frq0
wlqxdwlrq jdphv wkdw duh qrw surshu vxejdphv +ehfdxvh wkh| gr qrw vwhp
iurp d vlqjohwrq lqirupdwlrq vhw,1 Wkdw lv/ zh irfxv rq shuihfw Ed|hvldq ru
vhtxhqwldo htxloleuld lq wkh qrq0frpplwphqw fdvh146
6 Qr Sureohp zlwk Fuhghqfh Jrrgv
Lq wklv vhfwlrq zh vkrz wkdw pdunhw lqvwlwxwlrqv vroyh wkh iudxgxohqw h{shuw
sureohp dw qr frvw li +l, h{shuw vhoohuv idfh krprjhqhrxv fxvwrphuv +Dvvxps0
wlrq K,/ +ll, h{shuw dqg fxvwrphu duh frpplwwhg wr surfhhg zlwk d wuhdwphqw
rqfh d gldjqrvlv lv djuhhg xsrq +Dvvxpswlrq F,/ dqg +lll, hlwkhu wkh w|sh ri
wuhdwphqw lv yhul￿deoh +Dvvxpswlrq Y,/ ru d oldelolw| uxoh lv lq h￿hfw +Dvvxps0
wlrq O,/ ru erwk1 Wklv uhvxow lv uhfrughg dv Sursrvlwlrq 4 ehorz1 Wkh surri
iru wklv uhvxow/ dv zhoo dv wkh lqwxlwlrq ehklqg lw/ uholhv rq wkuhh revhuydwlrqv
wkdw duh uhsruwhg dv Ohppdv 4061
Ohppd 4 glvfxvvhv wkh uhvxow xqghu wkh oldelolw| dvvxpswlrq1 Zlwk ol0
delolw| dorqh +l1h1/ zlwkrxw yhul￿delolw|, h{shuwv fkdujh d xqlirup sulfh iru
erwk w|shv ri wuhdwphqw dqg vhuyh fxvwrphuv krqhvwo| dv wkh iroorzlqj uhvxow
vkrzv471
Ohppd 4 Vxssrvh wkdw Dvvxpswlrqv K/ F dqg O krog/ dqg wkdw Dvvxpswlrq
Y lv ylrodwhg1 Wkhq/ lq dq| vxejdph0shuihfw htxloleulxp/ h{shuw+v, fkdujh+v,
d frqvwdqw sulfh iru erwk w|shv ri wuhdwphqw dqg h!flhqwo| vhuyh+v, fxv0
wrphuv1 Wkh sulfh fkdujhg lq htxloleulxp lv jlyhq e| h R ’ S n ￿ES ￿ S￿n
kd ￿￿_￿S￿￿ E S￿S ￿oc zkhuh k ’￿iru ? ’￿dqg k ’frwkhuzlvh +l1h1/
iru ?:￿ ,1 Srvwhg sulfhv vdwlvi| R ￿ R ’ h R1
Surri1 Iluvw revhuyh wkdw zlwk frpplwphqw wkh vxejdph vwduwlqj lpphgl0
dwho| diwhu wkh sulfh0srvwlqj jdph dprqj h{shuwv lv d pxowl0vwdjh jdph ri
shuihfw lqirupdwlrq dqg dv vxfk fdq eh vroyhg e| edfnzdug lqgxfwlrq1 Vr zh
46Dv Ixghqehuj dqg Wluroh +4<<4, kdyh vkrzq/ wkh frqfhsw ri shuihfw Ed|hvldq htxl0
oleulxp lv htxlydohqw wr vhtxhqwldo htxloleulxp iru jdphv lq zklfk wkh w|sh vsdfh ri hdfk
sod|hu kdv dw prvw wzr hohphqwv dv lv wkh fdvh lq rxu suhvhqw prgho1
47Li wkh h{shuw lv qrw reoljdwhg wr wuhdw wkh fxvwrphu diwhu kdylqj frqgxfwhg wkh gldjqrvlv
wkh sulfh fkdujhg lq htxloleulxp fkdqjhv wr h s @ f . ￿^y ￿g ￿ f‘1 Wkh uhvw ri Ohppd 4
uhpdlqv xqd￿hfwhg1
43vwduw e| vroylqj iru wkh h{shuw*v rswlpdo surylvlrq srolf| iru hdfk srvvleoh
vlwxdwlrq vkh pljkw idfh1 Xqghu wkh frqglwlrqv ri Ohppd 4/ oldelolw| suhyhqwv
xqghuwuhdwphqw/ dqg wkh frvw gl￿huhqfh S ￿ S : f suhyhqwv ryhuwuhdwphqw1
Vr hdfk h{shuw zloo h!flhqwo| vhuyh khu fxvwrphuv1 Qh{w frqvlghu wkh uhfrp0
phqgdwlrq srolf|1 Li R:Rwkhq wkh h{shuw kdv lqfhqwlyhv wr ryhufkdujh/ l1h1/
wr dozd|v uhfrpphqg S dqg fkdujh R1 Rqo| li R ’ R wkh h{shuw kdv qr lqfhq0
wlyh wr fkdujh iru wkh zurqj wuhdwphqw148 Fxvwrphuv* eholhiv uh hfw h{shuwv*
lqfhqwlyhv1 Wkxv/ wkh| ylvlw wkh h{shuw zlwk wkh orzhvw R/ surylghg wkdw wkh
orzhvw R lv vxfk wkdw ￿ ￿R ￿_ ￿ f1 Wkh uhvw lv wulyldo1 Lq wkh prqrsro| fdvh
E? ’￿ ￿wkh h{shuw kdv doo wkh pdunhw srzhu1 Wkxv/ vkh srvwv R ￿ R ’ ￿ ￿ _1
Zlwk ?:￿ / wkh sulfh0srvwlqj jdph lv d vwdqgdug Ehuwudqg jdph zlwkrxw
fdsdflw| frqvwudlqwv1 Wkxv/ R ￿ R ’ S n ￿ES ￿ S￿ e| wkh xvxdo sulfh0fxwwlqj
dujxphqw1
Oldelolw| vroyhv wkh sureohp ri xqghuwuhdwphqw/ wkh frvw gl￿huhqwldo S ￿
S : f wkdw ri ryhuwuhdwphqw1 Uhpdlqv wkh ryhufkdujlqj lqfhqwlyh1 Wklv
lqfhqwlyh lv holplqdwhg e| srvwlqj d frqvwdqw sulfh lqghshqghqw ri wkh w|sh
ri wuhdwphqw surylghg1 Wklv uhvxow r￿huv dq h{sodqdwlrq iru wkh iuhtxhqwo|
revhuyhg ￿{hg sulfhv iru h{shuw vhuylfhv lq hqylurqphqwv zkhuh h{shuwv kdyh
wr surylgh uholdeoh txdolw| ehfdxvh rwkhuzlvh wkh| duh sxqlvkhg hlwkhu e|
odz ru e| edg uhsxwdwlrq1 H{dpsohv duh jdudjhv r￿hulqj fdu fkhfn0xsv dw d
￿{hg sulfh dqg khdowk pdlqwhqdqfh rujdql}dwlrqv +KPRv, surylglqj phglfdo
vhuylfh wr phpehuv dw dq lqglylgxdol}hg frqvwdqw sulfh shu wuhdwphqw1 Iurp
wkh dqdo|vlv lw ehfrphv fohdu wkdw wkh vfkhphv r￿huhg e| wkh KPRv duh
fkhdshu wkdq d khdowk lqvxudqfh v|vwhp1 Xqghu lqvxudqfh wkh fxvwrphu grhv
qrw fduh derxw wkh sulfh diwhu kdylqj sdlg wkh lqvxudqfh suhplxp1 Zlwk wkh
KPR/ wkh frpsdq| zloo pdnh vxuh wkdw wkh fkhdshvw vx!flhqw txdolw| zloo
eh surylghg1
Ohw xv wxuq qrz wr wkh yhul￿delolw| fdvh1 Xqghu wkh yhul￿delolw| dvvxps0
wlrq h{shuwv fkdujh htxdo pdun0xs sulfhv dv wkh iroorzlqj uhvxow vkrzv1
Ohppd 5 Vxssrvh wkdw Dvvxpswlrqv K/ F dqg Y krog/ dqg wkdw Dvvxpswlrq
O lv ylrodwhg1 Wkhq wkhuh h{lvwv d xqltxh vxejdph0shuihfw htxloleulxp iru hdfk
?￿ Lq wklv htxloleulxp/ h{shuw+v, srvw+v, dqg fkdujh+v, htxdo pdun0xs sulfhv
dqg h!flhqwo| vhuyh+v, fxvwrphuv1 Srvwhg +dqg fkdujhg, htxloleulxp sulfhv
d u hj l y h qe |R’Snkd ￿￿_￿S￿￿ E S￿S ￿o dqg R ’ RnES￿S￿czkhuh k ’￿
iru ? ’￿dqg k ’frwkhuzlvh1
48Wkurxjkrxw zh dvvxph wkdw s ￿ s1 Doorzlqj iru s A s exughqv wkh dqdo|vlv zlwkrxw
fkdqjlqj wkh txdolwdwlyh uhvxowv1
44Surri1 Iluvw qrwh wkdw zlwk revhuydelolw| wkh odvw wzr vwdjhv ri wkh jdph
frlqflgh> wkdw lv/ dq h{shuw*v uhfrpphqgdwlrq +dqg fkdujlqj, srolf| htxdov
khu surylvlrq srolf|1 Li R￿ R : S ￿ S wkh h{shuw zloo dozd|v uhfrpphqg dqg
surylgh wkh pruh h{shqvlyh/ li R￿R ￿ S￿S wkh ohvv h{shqvlyh wuhdwphqw1 Rqo|
li R￿R ’ S￿S wkh h{shuw lv lqgl￿huhqw ehwzhhq wkh wzr w|shv ri wuhdwphqw dqg/
wkhuhiruh/ ehkdyhv krqhvwo|1 Fxvwrphuv nqrz wkdw dqg ylvlw wkh h{shuw zkrvh
srvwhg sulfh0yhfwru/ wrjhwkhu zlwk wkh lpsolhg surylvlrq srolf|/ jhqhudwhv wkh
kljkhvw srvlwlyh h{shfwhg xwlolw|1 D fxvwrphu ylvlwlqj dq h{shuw zkrvh srvwhg
sulfhv vdwlvi| R ￿ R : S ￿ S kdv dq h{shfwhg xwlolw| ri ￿ ￿ R ￿ _1 Vlploduo|/
d fxvwrphu ylvlwlqj d R ￿ R ￿ S ￿ S h{shuw rewdlqv dq h{shfwhg xwlolw| ri
E￿ ￿ ￿￿￿ ￿ R ￿ _1 Ilqdoo|/ wkh h{shfwhg xwlolw| iurp ylvlwlqj dq htxdo pdun0
xs h{shuw lv ￿ ￿ R ￿ ￿ES ￿ S￿ ￿ _1 H{shuwv wdnh frqvxphuv* h{shfwhg xwlolw|
lqwr dffrxqw lq srvwlqj wkhlu sulfhv1 Iluvw/ frqvlghu wkh prqrsro| fdvh1 Wkh
pd{lpdo sur￿w shu fxvwrphu wkh prqrsrolvw fdq uhdol}h zlwk htxdo pdun0xs
sulfhv lv ￿ ￿ _ ￿ S ￿ ￿ES ￿ S￿1 Wkh pd{lpdo rewdlqdeoh sur￿w zlwk sulfh
yhfwruv vdwlvi|lqj R￿R : S￿S lv ￿ ￿_￿S/ dqg wkh pd{lpdo sur￿w zlwk sulfh
yhfwruv vdwlvi|lqj R￿R ￿ S￿S lv E￿ ￿ ￿￿￿￿_￿S1 Wkxv/ vlqfh ￿:S￿S /w k h
h{shuw zloo srvw wkh sursrvhg htxdo pdun0xs sulfh0yhfwru1 Qh{w vxssrvh wkdw
?:￿ 1 Ixuwkhu vxssrvh wkdw dw ohdvw wzr h{shuwv srvw htxdo pdun0xs sulfhv1
Wkhq wkhvh sulfhv duh jlyhq e| R ’ S dqg R ’ S vlqfh wklv lv wkh rqo| htxdo
pdun0xs sulfh0yhfwru frqvlvwhqw zlwk Ehuwudqg frpshwlwlrq1 Qh{w vxssrvh
wkdw dw ohdvw rqh h{shuw srvwv R ’ S dqg R ’ S/ zkloh dw ohdvw rqh rwkhu h{shuw
srvwv sulfhv ylrodwlqj wkh htxdo pdun0xs uxoh1 Lq rughu wr dwwudfw fxvwrphuv
wkh ghyldwlqj h{shuw pxvw hlwkhu srvw sulfhv vdwlvi|lqj R ￿ S n ￿ES ￿ S￿ dqg
R:RnS￿S / ru sulfhv vdwlvi|lqj R ￿ S￿￿E￿ ￿ S n S￿ dqg R : RnS￿S1 Wkh
iruphu sulfh0yhfwru uhvxowv lq d orvv ri dw ohdvw E￿ ￿ ￿￿E S￿S￿shu fxvwrphu/
wkh odwwhu lq d orvv ri dw ohdvw ￿E￿ ￿ S n S￿ shu fxvwrphu1 Qh{w vxssrvh wkdw
qr h{shuw srvwv htxdo pdun0xs sulfhv1 Wkhq dw ohdvw rqh h{shuw fdq dwwudfw
doo fxvwrphuv dqg lqfuhdvh khu sur￿w e| vzlwfklqj wr htxdo pdun0xs sulfhv1
Ilqdoo| vxssrvh d vlqjoh h{shuw lv deoh wr dwwudfw vrph fxvwrphuv zlwk htxdo
pdun0xs sulfhv h{fhhglqj wkh sursrvhg htxloleulxp sulfhv/ zkloh doo rwkhu
h{shuwv srvw sulfhv ylrodwlqj wkh htxdo pdun0xs uxoh1 Wkhq rqh ri wkrvh
rwkhu h{shuwv kdv dq lqfhqwlyh wr vzlwfk wr dq htxdo pdun0xs sulfh0yhfwru/
ohdglqj djdlq wr Ehuwudqg frpshwlwlrq1
Yhul￿delolw| vroyhv wkh sureohp ri ryhufkdujlqj/ l1h1 wkh vhoohu fdqqrw
fodlp wr kdyh vxssolhg wkh h{shqvlyh wuhdwphqw zkhq kh dfwxdoo| kdv surylghg
wkh fkhds rqh1 Wkh lqfhqwlyh wr surylgh wkh zurqj wuhdwphqw lv holplqdwhg e|
sulfhv wkdw |lhog d frqvwdqw sur￿w lqghshqghqw ri wkh w|sh ri wuhdwphqw vrog1
45Vxfk dq h!flhqf| lqgxflqj sulflqj ehkdylru lv riwhq vhhq lq fdvh ri h{shuw
vhoohuv1 Frpsxwhu vwruhv duh dq reylrxv h{dpsoh1 Fxvwrphuv fdq frqwuro
zklfk txdolw| wkh| uhfhlyh1 Rxu uhvxow surylghv d uhdvrq iru d olplwdwlrq
ri fkrlfh dqg d uhsxwdwlrq iru ehlqj h{shqvlyh ri h{shuw vkrsv1 Li +vrph,
fxvwrphuv ehkdyh luudwlrqdo lq wkh vhqvh wkdw wkh| fduh iru d uhodwlyh pdun0
xs lqvwhdg ri h{shfwhg sulfhv/ vrph +orz, txdolwlhv zloo qrw eh vrog/ ehfdxvh
wkh qhhghg 0 h!flhqf| lqgxflqj 0 pdun0xs lv kljk frpsduhg wr frvwv1 Rwkhu
h{dpsohv duh sulflqj vfkhphv ri wudyho djhqwv1 Wkh pdun xs wkh wudyho djhqw
fkdujhv +wkh pdujlq soxv dq| erqxvhv wr wkh djhqw r￿huhg e| wkh surylghu,
duh vlplodu iru doo surgxfwv1
Wkh dvvxpswlrq wkdw lw lv frpprq nqrzohgjh dprqj sod|huv wkdw h{shuwv
surylgh wkh dssursuldwh wuhdwphqw zkhqhyhu wkh| duh lqgl￿huhqw sod|v dq lp0
sruwdqw uroh lq Ohppd 5 lq jhqhudwlqj d xqltxh vxejdph0shuihfw htxloleulxp1
Zlwkrxw wklv dvvxpswlrq wkhuh h{lvw rwkhu vxejdph0shuihfw htxloleuld zklfk
duh vxssruwhg e| wkh eholhi wkdw doo h{shuwv zkr srvw htxdo pdun0xs sulfhv
0 ru/ wkdw h{shuwv zkr srvw htxdo pdun0xs sulfhv wkdw duh wrr orz +lq wkh
prqrsro| fdvh= wrr kljk, 0 gholehudwho| plvwuhdw wkhlu fxvwrphuv1 Zh uhjdug
vxfk htxloleuld dv lpsodxvleoh dqg kdyh wkhuhiruh lqwurgxfhg wkh frpprq
nqrzohgjh dvvxpswlrq zklfk dfwv dv d uhvwulfwlrq rq frqvxphuv* eholhiv1
Qrwh wkdw Ohppd 5 hqfrpsdvvhv wkh Hprqv +4<<:, uhvxow rq wkh suryl0
vlrq dqg sulflqj vwudwhjlhv ri fdsdflw| frqvwudlqhg h{shuwv dv d vshfldo fdvh1
Hprqv frqvlghuv d prgho zlwk d frqwlqxxp ri lghqwlfdo frqvxphuv dqg d
￿qlwh qxpehu ri lghqwlfdo srwhqwldo h{shuwv1 Hdfk srwhqwldo h{shuw kdv d
￿{hg fdsdflw|1 Vkh ehfrphv dq dfwlyh h{shuw e| luuhyhuvleo| ghyrwlqj wklv
fdsdflw| wr wkh fuhghqfh jrrgv pdunhw1 Rqfh vkh kdv grqh wklv/ vkh fdq xvh
khu fdsdflw| wr surylgh wzr w|shv ri wuhdwphqw dw }hur pdujlqdo frvw xs wr
wkh fdsdflw| frqvwudlqw1 Rqh w|sh ri wuhdwphqw xvhv xs pruh xqlwv ri fdsdf0
lw| wkdq wkh vhfrqg1 Wrwdo fdsdflw| ryhu doo srwhqwldo h{shuwv h{fhhgv wkh
dprxqw qhfhvvdu| wr vhuyh doo fxvwrphuv krqhvwo|1 Hprqv sursrvhv d v|p0
phwulf htxloleulxp lq zklfk doo srwhqwldo h{shuwv* hqwu| ghflvlrq lv vwulfwo|
pl{hg1 Wkxv/ dfwlyh h{shuwv pd| hlwkhu kdyh wr udwlrq wkhlu folhqwhoh gxh
wr lqvx!flhqw fdsdflw|/ ru wkh| pd| hqg xs zlwk lgoh fdsdflw|1 Lq wkh iru0
phu fdvh wkh| fkdujh sulfhv vxfk wkdw +l, doo wkh vxusoxv jrhv wr wkh h{shuwv
dqg +ll, wkh sulfh iru wkh pruh fdsdflw|0frqvxplqj wuhdwphqw h{fhhgv wkh
sulfh ri wkh vhfrqg wuhdwphqw e| vxfk dq dprxqw wkdw wkh sur￿w shu xqlw
ri fdsdflw| frqvxphg lv wkh vdph iru erwk w|shv ri wuhdwphqw1 Lq wkh odwwhu
fdvh doo h{shuwv fkdujh d sulfh ri }hur iru erwk w|shv ri wuhdwphqw1 Lq erwk
fdvhv h{shuwv vhuyh fxvwrphuv krqhvwo|1 Wklv lv h{dfwo| zkdw rxu Ohppd 5
46zrxog suhglfw= Li ghpdqg h{fhhgv wrwdo fdsdflw| h{shuwv kdyh doo wkh pdunhw
srzhu Ek ’￿ ￿ 1 Wkxv/ doo wkh vxusoxv jrhv wr wkh h{shuwv1 Ixuwkhupruh/
zlwk lqvx!flhqw fdsdflw|/ htxdo pdun0xs sulfhv lpso| d kljkhu sulfh iru wkh
pruh fdsdflw|0frqvxplqj wuhdwphqw vlqfh wkh rssruwxqlw| frvw lq whupv ri
xqlwv ri fdsdflw| xvhg lv kljkhu1 E| frqwudvw/ li fdsdflw| h{fhhgv ghpdqg/
wkh rssruwxqlw| frvw ri erwk w|shv ri wuhdwphqw lv wkh vdph/ qdpho| }hur1
Wkxv/ wkh sulfh kdv wr eh wkh vdph iru erwk w|shv ri wuhdwphqw wr |lhog
htxdo pdun0xsv1 Ixuwkhupruh/ zlwk lgoh fdsdflw|/ h{shuwv kdyh qr pdunhw
srzhu Ek ’f ￿ 1 Wkxv/ sulfhv duh }hur dqg fxvwrphuv dssursuldwh wkh hqwluh
vxusoxv1 Wr vxppdul}h/ rxu dqdo|vlv vkrzv wkdw pdq| vshfl￿f dvvxpswlrqv
pdgh e| Hprqv +h1j1/ wkdw wkhuh lv d frqwlqxxp ri fxvwrphuv/ wkdw fdsdflw|
lv qhhghg wr surylgh wuhdwphqwv/ ru wkdw vxffhvv lv d vwrfkdvwlf ixqfwlrq ri
wkh w|sh ri wuhdwphqw surylghg, duh qrw lpsruwdqw iru klv h!flhqf| uhvxow149
Zkdw lv lpsruwdqw/ krzhyhu/ duh wkh h{solflw dvvxpswlrqv wkdw frqvxphuv duh
krprjhqhrxv dqg wkdw wkh w|sh ri wuhdwphqw lv yhul￿deoh/ dqg wkh lpsolflw
dvvxpswlrq wkdw wkh ￿{hg frvw ri frqvxowlqj dq h{shuw +rxu gldjqrvlv frvw,
lv udwkhu kljk1
Ohw xv qrz frqvlghu wkh fdvh zkhuh erwk/ wkh oldelolw| dqg wkh yhul￿d0
elolw| dvvxpswlrq krog1 Lq wklv fdvh R ￿ R nE S￿S ￿lv vx!flhqw wr lqgxfh
qrqiudxgxohqw ehkdylru dv wkh iroorzlqj uhvxow vkrzv1
Ohppd 6 Vxssrvh wkdw Dvvxpswlrqv K/ F/ O dqg Y krog1 Wkhq/ lq dq|
vxejdph0shuihfw htxloleulxp/ h{shuw+v, srvw+v, dqg fkdujh+v, sulfhv vdwlvi|lqj
R ￿ R nE S￿S ￿dqg R n ￿ER ￿ R￿’Sn￿ E S￿S ￿nkd ￿￿_￿S￿￿ E S￿S ￿oc
zkhuh k ’￿iru ? ’￿dqg k ’firu ?:￿ 1 Zlwk wkhvh sulfhv fxvwrphuv
duh vhuyhg krqhvwo|1
Surri1 Wkh surri lv vlplodu wr wkdw ri Ohppd 5/ wkh rqo| gl￿huhqfh ehlqj
wkdw wkh oldelolw| uxoh suhyhqwv wkh h{shuw iurp sur￿wlqj e| surylglqj wkh
fkhds wuhdwphqw zkhq wkh pruh h{shqvlyh rqh lv qhhghg1
Zlwk oldelolw| dqg revhuydelolw| xqghuwuhdwphqw dqg ryhufkdujlqj duh
erwk xqdwwudfwlyh1 Wkh lqfhqwlyh wr ryhuwuhdw fxvwrphuv lv holplqdwhg e|
srvwlqj sulfhv |lhoglqj d orzhu pdun0xs iru wkh pruh h{shqvlyh wuhdwphqw1
Ohppdv 4 0 6 fdq eh vxppdul}hg wr wkh iroorzlqj uhvxow1
49Wkh rqo| lqh!flhqf| wkdw uhpdlqv lq wkh Hprqv prgho duh wkh vxerswlpdo fdsdflw|
ohyhov1 Wklv lqh!flhqf| kdv qrwklqj wr gr zlwk wkh fuhghqfh jrrgv sureohp/ krzhyhu1
Lw lv udwkhu d frruglqdwlrq idloxuh w|sh ri lqh!flhqf| vlplodu wr wkdw dulvlqj lq wkh v|p0
phwulf pl{hg vwudwhj| htxloleulxp ri wkh jude0wkh0groodu jdph surplqhqw lq Lqgxvwuldo
Rujdql}dwlrq1
47Sursrvlwlrq 4 Xqghu Dvvxpswlrqv K/ F/ dqg hlwkhu O ru Y ru erwk/ pdunhw
lqvwlwxwlrqv vroyh wkh iudxgxohqw h{shuw sureohp dw qr frvw1
7 Ydulrxv Ghjuhhv ri Lqh!flhqflhv dqg Iudxg
lq wkh Fuhghqfh Jrrgv Pdunhw
714 Khwhurjhqhrxv Fxvwrphuv= Lqh!flhqw Udwlrqlqj
dqg Lqh!flhqw Wuhdwphqw ri vrph Frqvxphu Jurxsv
Zlwkrxw h{fhswlrq wkh irupdo olwhudwxuh rq fuhghqfh jrrgv dvvxphv wkdw frq0
vxphuv duh krprjhqhrxv1 Lq wklv vxevhfwlrq zh vkrz wkdw qhz lqh!flhqflhv
pd| dulvh li wklv dvvxpswlrq +rxu Dvvxpswlrq K, lv ylrodwhg1 Wr vkrz wklv lw
vx!fhv wr frqvlghu d vlpsoh h{dpsoh zkhuh ? ’￿ / dqg zkhuh frqvxphuv gl￿hu
rqo| lq wkhlu ulvn ri qhhglqj wkh pruh h{shqvlyh wuhdwphqw1 Pruh suhflvho|/
zh dvvxph wkdw frqvxphu ￿ 5i ￿ c￿￿￿6jkdv wkh pdmru sureohp zlwk suredelo0
lw| ￿￿/ dqg wkh plqru sureohp zlwk suredelolw| E￿ ￿ ￿￿￿1 Frqvxphuv* w|shv
+l1h1/ wkh suredelolwlhv ￿￿, duh gudzq lqghshqghqwo| iurp wkh vdph fxpxodwlyh
glvwulexwlrq ixqfwlrq 8 E￿￿/ zlwk gl￿huhqwldeoh vwulfwo| srvlwlyh ghqvlw| s E￿￿
rq dfc￿o1 8 E￿￿ lv frpprq nqrzohgjh/ exw d frqvxphu*v w|sh lv wkh frqvxphu*v
sulydwh lqirupdwlrq14: Li d fxvwrphu jhwv wkh dssursuldwh wuhdwphqw kh re0
wdlqv d w|sh0lqghshqghqw jurvv xwlolw| ri ￿/ dqg li qrw rqh ri }hur/ h{dfwo| dv
lq rxu edvlf prgho14; Wr uxoh rxw ryhufkdujlqj ri fxvwrphuv zh dvvxph wkh
w|sh ri wuhdwphqw wr eh yhul￿deoh +Dvvxpswlrq Y,1
Rxu ￿uvw uhvxow frqvlghuv d vhwwlqj lq zklfk wkh h{shuw fdqqrw sulfh glv0
fulplqdwh dprqj frqvxphuv1 Zlwkrxw sulfh glvfulplqdwlrq wkh h{shuw fkrrvhv
htxdo pdun0xs sulfhv vxfk wkdw vrph frqvxphuv gr qrw frqvxow khu hyhq
wkrxjk vhuylqj wkhp zrxog eh h!flhqw1 Wklv lv qrwklqj exw wkh idploldu
prqrsro|0sulflqj lqh!flhqf|= Wkh prqrsrolvwlf h{shuw zrxog olnh wr dssur0
suldwh dv pxfk ri wkh qhw jdlq iurp wuhdwphqw dv srvvleoh exw/ ehfdxvh ri
dv|pphwulf lqirupdwlrq/ uxqv wkh ulvn ri orvlqj vrph frqvxphuv lq rughu wr
4:Fdu rzqhuv nqrz krz wkh| wuhdw wkhlu yhklfohv dqg wkh dvvrfldwhg ulvn ri qhhglqj
fhuwdlq uhsdluv/ dxwr phfkdqlfv nqrz rqo| wkh glvwulexwlrq1 Vlploduo|/ sdwlhqwv nqrz wkhlu
hdwlqj dqg vprfnlqj kdelwv dqg wkh dvvrfldwhg ulvn ri jhwwlqj fhuwdlq glvhdvhv/ grfwruv
rqo| wkh glvwulexwlrq1
4;Vlplodu uhvxowv fdq eh ghulyhg xqghu wkh dvvxpswlrq wkdw hdfk fxvwrphu lv fkdudf0
whul}hg e| d yhfwru +km>y m,/ dqg wkdw wkh w|shv ri gl￿huhqw frqvxphuv duh lqghshqghqwo|
gudzq iurp wkh vdph wzr0glphqvlrqdo glvwulexwlrq1
48jhw d kljkhu sulfh iurp wkh uhpdlqlqj rqhv1 Zh uhfrug wkh prqrsro| sulflqj
uhvxow lq Ohppd 71
Ohppd 7 Vxssrvh wkdw Dvvxpswlrqv F dqg Y krog/ dqg wkdw Dvvxpswlrqv
K dqg O duh ylrodwhg1 Ixuwkhu vxssrvh wkdw ? ’￿dqg wkdw frqvxphuv gl￿hu
lq wkhlu ulvn ri qhhglqj wkh pruh h{shqvlyh wuhdwphqw rqo|1 Ilqdoo| vxssrvh




rqo|1 Wkhq wkhuh h{lvwv d
xqltxh vxejdph0shuihfw htxloleulxp1 Lq wklv htxloleulxp/ wkh h{shuw srvwv dqg
fkdujhv htxdo pdun0xs sulfhv
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vxfk wkdw +l, kljk ulvn frqvxphu





dqg jhw wkh dssursuldwh wuhdwphqw1
Surri1 Iurp wkh surri ri Ohppd 5 zh nqrz wkdw/ iru jlyhq qhw xwlolwlhv iru
wkh frqvxphuv/ wkh prqrsrolvw*v sur￿w lv kljkhvw zlwk dq htxdo pdun0xs sulfh
yhfwru1 Wkxv/ wkh prqrsrolvw zloo fkrrvh vxfk d yhfwru dqg vkh zloo surylgh
wkh dssursuldwh wuhdwphqw wr doo ri khu fxvwrphuv1 Zlwk dq htxdo pdun0
xs sulfh yhfwru wkh prqrsrolvwlf h{shuw lv lqwhuhvwhg lq wzr yduldeohv rqo|/
lq wkh pdjqlwxgh ri wkh pdun0xs dqg lq wkh qxpehu ri ylvlwlqj frqvxphuv1
Wkh uhvxow wkhq iroorzv iurp wkh revhuydwlrq wkdw wkh h{shuw*v sureohp lv
qrwklqj exw wkh idploldu prqrsro| sulflqj sureohp iru ghpdqg fxuyh (ER￿’
68EE￿ ￿ R ￿_￿*ES ￿ S￿￿ dqg qhw uhyhqxh shu fxvwrphu R ￿ S1
Iru rxu qh{w uhvxow zh doorz wkh h{shuw wr sulfh glvfulplqdwh dprqj frq0
vxphuv1 Wkdw lv/ zh ohw wkh prqrsrolvwlf h{shuw srvw d phqx ri sulfh yhfwruv1
Frqvxphuv revhuyh wkh phqx dqg wkhq ghflgh xqghu zklfk yhfwru/ li dq|/
wkh| zlvk wr eh vhuyhg1
Xqghu vwdqgdug frqglwlrqv/ vhfrqg ghjuhh glvfulplqdwru| sulflqj uhgxfhv
wkh prqrsro|0sulflqj lqh!flhqf|1 Lq wkh suhvhqw prgho zlwk fuhghqfh jrrgv/
d qhz lqh!flhqf| dsshduv1
Ohppd 8 Vxssrvh wkdw wkh jhqhudo frqglwlrqv ri Ohppd 7 krog/ h{fhsw wkdw
wkh h{shuw fdq qrz sulfh glvfulplqdwh dprqj frqvxphuv +udwkhu wkdq ehlqj
uhvwulfwhg wr d vlqjoh sulfh yhfwru rqo|,1 Wkhq/ lq dq| vxejdph0shuihfw htxlole0
ulxp/ wkh h{shuw srvwv wzr sulfh yhfwruv/ rqh zlwk htxdo pdun0xsv
￿
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Erwk yhfwruv dwwudfw fxvwrphuv dqg lq wrwdo doo frqvxphuv duh vhuyhg1 W|shv
4<Wkh phqx pd| frqwdlq vrph uhgxqgdqw sulfh yhfwruv wrr/ l1h1/ vrph yhfwruv wkdw
dwwudfw qr frqvxphuv1
49vhuyhg xqghu wkh iruphu yhfwru dozd|v jhw wkh dssursuldwh wuhdwphqw/ wkrvh
vhuyhg xqghu wkh odwwhu dozd|v jhw wkh pruh h{shqvlyh wuhdwphqw lqghshqghqwo|
ri zkhwkhu wkh| kdyh wkh plqru ru wkh pdmru sureohp1
Surri1 Vhh wkh Dsshqgl{1
Xqghu wkh frqglwlrqv ri Ohppd 8 wkh h{shuw srvwv wzr sulfh yhfwruv/ dq
htxdo pdun0xs yhfwru wr vnlp0r￿ orz ulvn frqvxphuv dqg d ohvv sur￿wdeoh
yhfwru zlwk d kljkhu pdun0xs iru wkh pruh h{shqvlyh wuhdwphqw wr vhuyh wkh
uhvw1 Wkh htxdo pdun0xs lq wkh yhfwru srvwhg xqghu wkh frqglwlrqv ri Ohppd
8 lv vwulfwo| kljkhu wkdq wkdw lq wkh yhfwru ri Ohppd 71 Wklv iroorzv iurp
wkh revhuydwlrq wkdw wkh h{shuw*v wudgh0r￿ lv ehwzhhq lqfuhdvlqj wkh pdun0xs
fkdujhg iurp wkh w|shv lq wkh vhjphqw ri vhuyhg fxvwrphuv dqg orvlqj vrph
w|shv wr wkh xqsur￿wdeoh vhjphqw ri qrw vhuyhg frqvxphuv lq wkh odwwhu fdvh/
zkloh wkh wudgh0r￿ khuh lv ehwzhhq lqfuhdvlqj wkh pdun0xs fkdujhg iurp wkh
w|shv vhuyhg xqghu wkh pruh sur￿wdeoh htxdo pdun0xs yhfwru dqg orvlqj vrph
w|shv wr wkh vhjphqw ri fxvwrphuv vhuyhg xqghu wkh ohvv sur￿wdeoh vhfrqg
yhfwru1 Vr/ vrph w|shv wkdw dozd|v jhw wkh dssursuldwh wuhdwphqw xqghu wkh
frqglwlrqv ri Ohppd 7/ jhw +zlwk vwulfwo| srvlwlyh suredelolw|, wkh zurqj
wuhdwphqw zkhq wkh h{shuw fdq sulfh glvfulplqdwh dprqj frqvxphuv1 Wkxv/
wkhuh lv d wudgh0r￿ ehwzhhq lqfuhdvlqj wkh qxpehu ri wuhdwhg frqvxphuv dqg
vhuylqj wkh wuhdwhg fxvwrphuv h!flhqwo|1 Ryhudoo h!flhqf| pljkw lqfuhdvh ru
ghfuhdvh zlwk sulfh glvfulplqdwlrq ghshqglqj rq wkh vkdsh ri wkh glvwulexwlrq
ixqfwlrq 8 E￿￿/ wkh ydoxdwlrq ￿ +qhw ri gldjqrvlv frvwv _/ ri frxuvh, dqg wkh
frvw0gl￿huhqfh S ￿ S1 Dq lqfuhdvh lq h!flhqf| lv pruh olnho| wkh vpdoohu lv ￿￿/
wkh odujhu lv ￿￿/ dqg wkh vwhhshu lv ￿￿1 Wklv lv ehfdxvh d odujh ￿￿ dqg d vpdoo ￿￿
lqfuhdvhv ￿￿/ zkloh d 111
Wkh uhvxow wkdw wkh qxpehu ri vhuyhg fxvwrphuv lqfuhdvhv zlwk sulfh glv0
fulplqdwlrq fduulhv ryhu wr d vhwwlqj lq zklfk wkh w|sh vhw lv glvfuhwh/ zlwk
wkh txdol￿fdwlrq wkdw wkh lqfuhdvh lv qrw qhfhvvdulo| vwulfw lq wkdw fdvh/ vlqfh
doo w|shv pljkw douhdg| jhw vhuyhg xqghu wkh frqglwlrqv ri Ohppd 71 Lw dovr
h{whqgv wr d vhwwlqj zkhuh frqvxphuv gl￿hu lq wkhlu ydoxdwlrq ￿/ exw kdyh
wkh vdph suredelolw| ￿ ri qhhglqj wkh pruh h{shqvlyh wuhdwphqw1 Lw grhv
qrw fduu| ryhu wr d prgho zlwk d wzr0glphqvlrqdo w|sh vsdfh/ krzhyhu/ dv
wkh +glvfuhwh, h{dpsoh ehorz vkrzv1 Lq wklv h{dpsoh vrph w|shv wkdw dozd|v
jhw wkh dssursuldwh wuhdwphqw xqghu wkh frqglwlrqv ri Ohppd 7/ uhpdlq
xqvhuyhg zkhq wkh h{shuw fdq sulfh glvfulplqdwh dprqj frqvxphuv= Li wkh
h{shuw fdq srvw d vlqjoh sulfh yhfwru rqo|/ vkh vhuyhv doo frqvxphuv zlwk htxdo
pdun0xs sulfhv1 Zlwk sulfhv glvfulplqdwlrq vkh xvhv dq htxdo pdun0xs yhfwru
4:wr vnlp r￿ orz ulvn 2 kljk ydoxdwlrq frqvxphuv/ dqg d sulfh yhfwru zlwk d
kljkhu pdun0xs iru wkh pruh h{shqvlyh wuhdwphqw wr +plv0,wuhdw phglxp ulvn
2 phglxp ydoxdwlrq frqvxphuv1 Kljk ulvn 2 orz ydoxdwlrq frqvxphuv uhpdlq
xqvhuyhg zlwk sulfh glvfulplqdwlrq dowkrxjk wuhdwlqj wkhp zrxog eh h!flhqw1
H{dpsoh= Wkhuh lv dq duelwudu| qxpehu 6 ri frqvxphuv1 Hdfk frqvxphu
￿ 5i ￿ c￿￿￿6j lv fkdudfwhul}hg e| klv wzr0glphqvlrqdo w|sh E￿￿c￿ ￿￿1 Frq0
vxphuv* w|shv duh lqghshqghqwo| gudzq iurp dq htxdo suredelolw| glvwulex0
wlrq rq wkh glvfuhwh vxssruw iE￿c￿￿cE￿c￿￿cE￿c￿￿j1 Wkhuh duh qr gldjqrvlv frvwv
E_ ’f ￿ 1 Wkh frvw ri wkh pruh h{shqvlyh wuhdwphqw lv rqh ES ’￿ ￿ / dqg wkh
frvw ri wkh fkhds wuhdwphqw lv }hur ES ’f ￿ 1
Li wkh h{shuw fdq srvw d vlqjoh sulfh yhfwru rqo|/ wkhq vkh vhuyhv doo frqvxphuv
zlwk htxdo pdun0xs sulfhv ERcR￿’E ￿￿c￿￿￿1 Li wkh h{shuw fdq sulfh glvfulpl0
qdwh dprqj frqvxphuv wkhq vkh srvwv wzr sulfh yhfwruv/ wkh htxdo pdun0xs
yhfwru ERcR￿’E ￿￿c￿￿￿/ dqg d vhfrqg yhfwru zlwk R ’ ￿ ￿:RnE S￿S ￿ 1 Kljk
ydoxdwlrq frqvxphuv duh vhuyhg h!flhqwo| xqghu wkh htxdo pdun0xs yhfwru/
phglxp ydoxdwlrq frqvxphuv plvwuhdwhg xqghu wkh vhfrqg yhfwru/ dqg orz
ydoxdwlrq frqvxphuv uhpdlq xqvhuyhg1
Ehiruh surfhhglqj qrwlfh wkdw wkh lqh!flhqflhv ri Ohppdv 7 dqg 8 glvdsshdu
li wkh qxpehu ri h{shuwv lqfuhdvhv1 Zlwk ?:￿ csulfh0frpshwlqj h{shuwv
surylgh erwk wuhdwphqwv dw pdujlqdo frvw ohdylqj qr ohhzd| iru lqh!flhqflhv
ri dq| nlqg1 Wkxv/ zh fdq vxppdul}h wkh uhvxowv ri wklv vxevhfwlrq wr wkh
iroorzlqj sursrvlwlrq1
Sursrvlwlrq 5 Vxssrvh wkdw Dvvxpswlrqv F dqg Y krog/ dqg wkdw Dvvxps0
wlrqv K dqg O duh ylrodwhg1 Ixuwkhu vxssrvh wkdw frqvxphuv gl￿hu lq wkhlu
ulvn ri qhhglqj wkh pruh h{shqvlyh wuhdwphqw rqo|1 Wkhq/ zlwk ?:￿wkh
htxloleulxp rxwolqhg lq Ohppd 5 uhpdlqv wkh rqo| vxejdph shuihfw htxlole0
ulxp1 E| frqwudvw/ zlwk ? ’￿wkhuh h{lvwv qr vxejdph0shuihfw htxloleulxp lq
zklfk doo frqvxphuv jhw dozd|v wkh dssursuldwh wuhdwphqw1 Li wkh h{shuw fdq
srvw d vlqjoh sulfh yhfwru rqo|/ wkhq vkh dozd|v surylghv wkh uljkw wuhdwphqw/
exw vkh vhuyhv wrr ihz fxvwrphuv1 Li wkh h{shuw fdq sulfh glvfulplqdwh dprqj
fxvwrphuv/ wkhq vkh vhuyhv doo frqvxphuv exw vrph frqvxphu w|shv jhw +zlwk
vwulfwo| srvlwlyh suredelolw|, wkh zurqj wuhdwphqw1
4;715 Qr Frpplwphqw= Ryhufkdujlqj dqg Gxsolfdwlrq
ri Vhdufk dqg Gldjqrvlv Frvwv
Lq wklv vxevhfwlrq zh gurs wkh frpplwphqw dvvxpswlrq1 Xqghu fhuwdlq frqgl0
wlrqv wklv jlyhv ulvh wr wzr gl￿huhqw w|shv ri htxloleuld/ ryhufkdujlqj htxloleuld
dqg vshfldol}dwlrq htxloleuld1 Lq erwk/ wkh fuhghqfh jrrg sureohp pdqlihvwv
lwvhoi lq lqh!flhqwo| kljk vhdufk dqg gldjqrvlv frvwv dv vrph frqvxphuv hqg
xs ylvlwlqj pruh wkdq rqh h{shuw dqg ehlqj gldjqrvhg pruh wkdq rqfh1 Zh
ehjlq zlwk wkh ryhufkdujlqj vfhqdulr1
Ohppd 9 Vxssrvh wkdw Dvvxpswlrqv K dqg O krog/ dqg wkdw Dvvxpswlrqv
F dqg Y duh ylrodwhg1 Ixuwkhu vxssrvh wkdw ? ’2dqg wkdw _￿E S￿S ￿E￿￿￿￿￿
Wkhq wkhuh h{lvwv d v|pphwulf vhtxhqwldo htxloleulxp vfhqdulr lq zklfk h{0
shuwv ryhufkdujh fxvwrphuv +zlwk vwulfwo| srvlwlyh suredelolw|,1 Lq wklv vfhqdulr
h{shuwv srvw sulfhv vdwlvi|lqj R :Sdqg R:R 1 H{shuwv dozd|v uhfrpphqg
wkh h{shqvlyh wuhdwphqw li wkh fxvwrphu kdv wkh pdmru sureohp/ dqg wkh| uhf0
rpphqg S zlwk suredelolw| J 5 Efc￿￿ li wkh fxvwrphu kdv wkh plqru sureohp1
Fxvwrphuv dozd|v dffhsw d S uhfrpphqgdwlrq/ dqg wkh| dffhsw d S uhfrp0
phqgdwlrq zlwk suredelolw| @ 5 Efc￿￿ rq wkhlu ￿uvw/ dqg wkh| dffhsw lw zlwk
fhuwdlqw| rq wkhlu vhfrqg ylvlw1 D fxvwrphu zkr dffhswv wr eh wuhdwhg dozd|v
jhwv wkh dssursuldwh wuhdwphqw1
Surri1 Vhh wkh Dsshqgl{1
Lq wkh ryhufkdujlqj htxloleulxp ri Ohppd 9 oldelolw| vroyhv wkh sureohp ri
xqghuwuhdwphqw dqg wkh frvw gl￿huhqwldo S￿S wkdw ri ryhuwuhdwphqw1 Uhpdlqv
wkh whpswdwlrq wr ryhufkdujh frqvxphuv1 H{shuwv gr qrw ryhufkdujh wkhlu
fxvwrphuv doo wkh wlph +exw rqo| zlwk vwulfwo| srvlwlyh suredelolw|, ehfdxvh
uhfrpphqglqj wkh fkhds wuhdwphqw jxdudqwhhv d srvlwlyh sur￿w ri R ￿ S ’
{ : f iru vxuh/ zkloh uhfrpphqglqj wkh h{shqvlyh wuhdwphqw zkhq rqo|
wkh fkhds rqh lv uhtxluhg lv olnh sod|lqj lq d orwwhu| |lhoglqj d sd|r￿ ri
R ￿ S : { li wkh frqvxphu dffhswv/ dqg }hur rwkhuzlvh1 E| frqvwuxfwlrq/
wkh h{shfwhg sd|r￿ xqghu wkh orwwhu| htxdov {/ pdnlqj wkh h{shuw h{dfwo|
lqgl￿huhqw ehwzhhq uhfrpphqglqj krqhvwo| dqg ryhufkdujlqj1
Wkh ryhufkdujlqj htxloleulxp ri Ohppd 9 lv hvvhqwldoo| wkh htxloleulxp
rxwolqhg e| Slwfkln dqg Vfkrwwhu +4<;<, iru d vhwwlqj zlwk h{rjhqrxvo| jlyhq
sd|r￿v1 Zrolqvn| +4<<6, dujxhv wkdw wkh htxloleulxp dovr h{lvwv zlwk  h{leoh
sulfhv/ zlwkrxw jlylqj frqglwlrqv iru h{lvwhqfh/ krzhyhu1 Wkh ￿htxloleulxp
zlwk iudxg￿ glvfxvvhg e| Gdue| dqg Nduql +4<:6, lv dovr vlplodu lq wkdw lw
4<uhvhpeohv d sxul￿hg yhuvlrq ri wkh ryhufkdujlqj htxloleulxp ri Ohppd 91 Lq
wkhlu +lq odujh sduwv yhuedo, dqdo|vlv ￿111lqfuhdvlqj wkh dprxqw ri vhuylfhv suh0
vfulehg rq wkh edvlv ri wkh gldjqrvlv/ lqfuhdvhv wkh suredelolw| ri hqwhulqj wkh
fxvwrphu*v fulwlfdo uhjlrqv iru jrlqj hovhzkhuh ^1111‘ Wdnlqj wklv frqvlghudwlrq
lqwr dffrxqw/ wkh ￿up zloo fduu| iudxg xs wr wkh srlqw zkhuh wkh h{shfwhg
pdujlqdo sur￿w lv }hur￿ +s1 :6,1 Dgdswlqj Ohppd 9 wr dq hqylurqphqw zkhuh
frqvxphuv duh khwhurjhqhrxv zlwk uhvshfw wr wkhlu vhdufk frvw zrxog |lhog
dq htxloleulxp zlwk wkhvh surshuwlhv1 Wkh dqdorj| lv qrw shuihfw/ krzhyhu/
dv wkh sureohp glvfxvvhg e| Gdue| dqg Nduql lv wkdw ri ryhuwuhdwlqj/ dqg
qrw wkdw ri ryhufkdujlqj fxvwrphuv1 Ryhuwuhdwphqw fdq rqo| srvh sureohpv
li wkh fxvwrphu fdq revhuyh dqg yhuli| wkh w|sh ri wuhdwphqw kh jhwv +rxu
Dvvxpswlrq Y,/ vlqfh/ li kh fdq qrw/ ryhufkdujlqj lv dozd|v pruh sur￿wdeoh1
Exw/ zlwk yhul￿delolw| dqg  h{leoh sulfhv wkhuh duh qr htxloleuld h{klelwlqj
iudxg/ dv Ohppd ; ehorz vkrzv1 Lq rwkhu zrugv/ wr vxssruw wkh Gdue| dqg
Nduql +4<:6, frq￿jxudwlrq zlwk iudxg dv dq htxloleulxp/ sd|r￿v qhhg wr eh
h{rjhqrxvo| ￿{hg/ dv wkh| duh lq wkhlu hqylurqphqw1
Ryhufkdujlqj htxloleuld zlwk wkh hvvhqwldo ihdwxuhv dv rxwolqhg lq Ohppd
9 fhdvh wr h{lvw li vx!flhqwo| pdq| h{shuwv frpshwh iru fxvwrphuv1 Zlwk d
frqwlqxxp ri h{shuwv/ orz hfrqrplhv ri vfrsh ehwzhhq gldjqrvlv dqg wuhdw0
phqw/ dqg d fhuwdlq *uhdvrqdeoh* uhvwulfwlrq rq frqvxphuv* eholhiv/ wkh rqo|
vhtxhqwldo htxloleuld wkdw vxuylyh zkhq Dvvxpswlrqv K dqg O krog/ zkloh
Dvvxpswlrqv F dqg Y duh ylrodwhg duh vshfldol}dwlrq htxloleuld vlplodu wr wkh
rqh rxwolqhg lq wkh qh{w ohppd1 Wklv kdv ehhq vkrzq e| Zrolqvn| +4<<6,153
Ohppd : Vxssrvh wkdw Dvvxpswlrqv K dqg O krog/ dqg wkdw Dvvxpswlrqv
F dqg Y duh ylrodwhg1 Ixuwkhu vxssrvh wkdw ? ￿ e dqg wkdw _￿E S￿S ￿E￿￿￿￿￿
Wkhq wkhuh h{lvwv d vhtxhqwldo htxloleulxp vfhqdulr h{klelwlqj vshfldol}dwlrq1
Lq wklv vfhqdulr dw ohdvw wzr h{shuwv srvw sulfhv jlyhq e| R ’ S dqg R:
S n _+zh fdoo vxfk h{shuwv ￿fkhds h{shuwv￿,/ dqg dw ohdvw wzr rwkhu h{shuwv
+￿h{shqvlyh h{shuwv￿, srvw sulfhv jlyhq e| R ￿ R ’ S￿ Fkhds h{shuwv dozd|v
uhfrpphqg wkh dssursuldwh wuhdwphqw/ h{shqvlyh h{shuwv dozd|v wkh h{shqvlyh
rqh1 Frqvxphuv ￿uvw ylvlw d fkhds h{shuw1 Li wklv h{shuw uhfrpphqgv S wkh
fxvwrphu djuhhv dqg jhwv S￿ Li wkh fkhds h{shuw uhfrpphqgv S wkh fxvwrphu
uhmhfwv dqg ylvlwv dq h{shqvlyh h{shuw zkr wuhdwv klp h!flhqwo|1
Surri1 Vhh wkh Dsshqgl{1
53Li wkh h{shuw lv qrw frpplwwhg wr wuhdw wkh fxvwrphu diwhu kdylqj frqgxfwhg wkh
gldjqrvlv/ wkh frqglwlrq g?+ f￿f ,+4￿k,fkdqjhv wr g?+ f￿f ,+4￿k,@k1
53Lq wkh vshfldol}dwlrq htxloleulxp ri Ohppd : oldelolw| vroyhv +djdlq, wkh
sureohp ri xqghuwuhdwphqw dqg wkh frvw gl￿huhqwldo S ￿ S wkdw ri ryhuwuhdw0
phqw1 Wkh lqfhqwlyh wr ryhufkdujh fxvwrphuv lv holplqdwhg ehfdxvh fkhds
h{shuwv orvh wkhlu fxvwrphuv li wkh| uhfrpphqg wkh h{shqvlyh wuhdwphqw1
Qrwh wkdw wkh frqglwlrq iru wkh vwudwhjlhv ghvfulehg lq Ohppd 4 wr frq0
vwlwxwh d vhtxhqwldo htxloleulxp vfhqdulr hyhq li wkh frpplwphqw dvvxpswlrq
+Dvvxpswlrq F, lv qrw lpsrvhg dqg hyhq li ? ￿ e lv h{dfwo| wkdw wkh uh0
vwulfwlrq lpsrvhg e| Ohppd : +dq e| Ohppd 9, rq _ lv ylrodwhg> wkdw lv/
wkh gldjqrvlv frvw _ pxvw h{fhhg E￿ ￿ ￿￿ES￿S￿1 Wr yhuli| wklv/ qrwlfh wkdw
d ghyldwlrq wkdw pljkw mhrsdugl}h wkh htxloleulxp ri Ohppd 4 pxvw kdyh
R ￿Sn￿E S￿S ￿dqg R ￿ Sn_1 Wkh h{shfwhg frvw wr d frqvxphu zkr ylvlwv
wkh ghyldwru ￿uvw/ dqg/ li uhfrpphqghg wkh h{shqvlyh wuhdwphqw/ uhvruwv wr
d qrq0ghyldwlqj h{shuw lv _ n R n ￿
k
S ￿ Rn ￿ES ￿ S￿n_
l
1 Frqvxowlqj rqo|
d qrq0ghyldwlqj h{shuw/ rq wkh rwkhu kdqg/ frvwv _ n S n ￿ES ￿ S￿1 Wkxv/ wr
dwwudfw fxvwrphuv/ wkh ghyldwru pxvw srvw d sulfh yhfwru zlwk d R vxfk wkdw
_ n S n ￿ES ￿ S￿ ￿ _ n R n ￿
k
S ￿R n ￿ES ￿ S￿n_
l
/ zklfk lv htxlydohqw wr
R ￿ S n ￿dES ￿ S￿ ￿ _*E￿ ￿ ￿￿o1 Exw/ li _:E￿ ￿ ￿￿ES￿S￿/ wkhq vxfk d sulfh
yhfwru grhvq*w fryhu frvw/ dqg vr qr ghyldwlrq lv sur￿wdeoh1
Wkh htxloleulxp rxwolqhg lq Ohppd : lv hvvhqwldoo| wkh vshfldol}dwlrq htxl0
oleulxp ri Zrolqvn| +4<<6,/ wkh rqo| gl￿huhqfh ehlqj wkdw h{shuwv fdq uhmhfw
wr surylgh d wuhdwphqw diwhu kdylqj frqgxfwhg wkh gldjqrvlv lq wkh Zrolqvn|
prgho zkloh wkh| fdqqrw uhmhfw lq rxu suhvhqw iudphzrun1 Zkdw gulyhv wkh
Zrolqvn| uhvxow lv wkh frpelqdwlrq ri wzr dvvxpswlrqv/ wkh dvvxpswlrq wkdw
frqvxphuv duh qhlwkhu deoh wr revhuyh wkh w|sh ri wuhdwphqw wkh| qhhg qru
wkh w|sh wkh| jhw +rxu Dvvxpswlrq Y lv ylrodwhg,/ dqg wkh dvvxpswlrq wkdw
h{shuwv duh oldeoh iru surylglqj wkh fkhds wuhdwphqw zkhq wkh h{shqvlyh rqh
lv qhhghg +rxu Dvvxpswlrq O krogv,154 Erwk/ vshfldol}dwlrq dqg ryhufkdujlqj
htxloleuld fhdvh wr h{lvw li Dvvxpswlrq O lv ylrodwhg/ dqg wkh| dovr fhdvh wr
h{lvw li Dvvxpswlrq Y krogv1 Zh srvwsrqh wkh glvfxvvlrq ri wkh fdvh zkhuh
qhlwkhu oldelolw| qru yhul￿delolw| krogv wr wkh qh{w vxevhfwlrq dqg uhfrug wkh
uhvw ri wkh uhvxow dv Ohppd ;1
Ohppd ; Vxssrvh wkdw fxvwrphuv duh krprjhqhrxv +Dvvxpswlrq K, dqg
wkdw wkh w|sh ri wuhdwphqw lv yhul￿deoh +Dvvxpswlrq Y,1 Wkhq wkh htxloleuld
vxppdul}hg lq Ohppd 5 +iru wkh fdvh zkhuh Dvvxpswlrq O lv ylrodwhg, dqg
54Zrolqvn| +4<<6, grhvq*w h{solflwo| lpsrvh wkh oldelolw| dvvxpswlrq1 Wklv dvvxpswlrq
lv lpsolflw lq klv vshfl￿fdwlrq ri frqvxphu sd|r￿v/ krzhyhu1
54Ohppd 6 +iru wkh fdvh zkhuh Dvvxpswlrq O krogv, uhpdlq wkh rqo| vhtxhqwldo
htxloleuld hyhq li Dvvxpswlrq F lv ylrodwhg1
Surri1 Wkh surri lv vlplodu wr wkdw ri Ohppd 5 dqg wkhuhiruh rplwwhg1
Iru reylrxv uhdvrqv/ vhtxhqwldo htxloleuld h{klelwlqj vshfldol}dwlrq dqg
vhtxhqwldo htxloleuld lq zklfk h{shuwv ryhufkdujh fxvwrphuv dovr fhdvh wr
h{lvw li wkhuh lv d vlqjoh h{shuw rqo|155 Wkxv/ zh fdq vxppdul}h wkh uhvxowv
ri wklv vxevhfwlrq wr wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 6 Vhtxhqwldo htxloleuld h{klelwlqj vshfldol}dwlrq dqg vhtxhqwldo
ryhufkdujlqj htxloleuld pljkw h{lvw li Dvvxpswlrq O krogv zkloh Dvvxpswlrq
Y lv ylrodwhg/ dqg wkh| gr qrw h{lvw li hlwkhu Dvvxpswlrq O lv ylrodwhg ru
Dvvxpswlrq Y krogv1 Vxfk htxloleuld dovr gr qrw h{lvw li wkhuh duh surirxqg
hfrqrplhv ri vfrsh ehwzhhq gldjqrvlv dqg wuhdwphqw +rxu Dvvxpswlrq F,/ ru
li wkhuh lv d vlqjoh h{shuw rqo| E? ’￿ ￿ ￿Ryhufkdujlqj htxloleuld lq dgglwlrq
fhdvh wr h{lvw li vx!flhqwo| pdq| h{shuwv frpshwh iru fxvwrphuv1
716 Qhlwkhu Oldelolw| Qru Yhul￿delolw|= Wkh Fuhghqfh
Jrrgv Pdunhw Euhdnv Grzq
Lq wklv vxevhfwlrq zh frqvlghu dq hqylurqphqw lq zklfk frqvxphuv fdq qhlwkhu
revhuyh wkh w|sh ri wuhdwphqw wkh| jhw +Dvvxpswlrq Y lv ylrodwhg,/ qru sxqlvk
wkh h{shuw li wkh| uhdol}h h{ srvw wkdw wkh w|sh ri wuhdwphqw wkh| uhfhlyhg
zdv qrw vx!flhqw wr vroyh wkhlu sureohp +Dvvxpswlrq O lv ylrodwhg wrr,1
Xqghu wkhvh dgyhuvh frqglwlrqv h{shuwv dozd|v surylgh wkh fkhds wuhdwphqw
lqghshqghqwo| ri zkhwkhu wkh fxvwrphu kdv wkh plqru ru wkh pdmru sureohp1
Sursrvlwlrq 7 Vxssrvh wkdw Dvvxpswlrq K krogv/ dqg wkdw Dvvxpswlrqv Y
dqg O duh ylrodwhg1 Wkhq wkhuh lv qr vhtxhqwldo htxloleulxp lq zklfk h{shuw+v,
vhuyh+v, fxvwrphuv h!flhqwo|1 Li S n _ ￿ E￿ ￿ ￿￿￿ wkhq h{shuw+v, fkdujh+v,
d frqvwdqw sulfh jlyhq e| h R ’ S n kdE￿ ￿ ￿￿￿ ￿_ ￿ So +zkhuh k ’￿iru
? ’￿dqg k ’frwkhuzlvh,/ dqg dozd|v surylgh+v, wkh fkhds wuhdwphqw1 Li
S n _:E￿ ￿ ￿￿￿ wkhq wkh fuhghqfh jrrgv pdunhw fhdvhv wr h{lvw1
55Vlqfh wkh xqlirup sulfh fkdujhg e| wkh prqrsrolvwlf h{shuw xqghu wkh frqglwlrqv ri
Ohppd 4 grhv qrw h{fhhg frqvxphuv* jurvv xwlolw| y/ wkh| zloo qrw txlw hyhq li qrw frp0
plwwhg/ iru wkhlu rqo| dowhuqdwlyh lv wr uhpdlq zlwkrxw dq| wuhdwphqw1
55Surri1 Xqghu wkh frqglwlrqv ri Sursrvlwlrq 7 wkh frqvxphu lv qhlwkhu deoh
wr revhuyh wkh w|sh ri wuhdwphqw kh qhhgv qru wkh w|sh kh jhwv1 Dovr/ wkh
frqvxphu kdv qr phdqv wr sxqlvk wkh h{shuw li kh revhuyhv h{ srvw wkdw wkh
w|sh ri wuhdwphqw kh jrw zdv qrw vx!flhqw wr vroyh klv sureohp1 Jlyhq wklv/
dqg vlqfh S ￿ S : f/ wkh uhvxow iroorzv iurp vwdqgdug dujxphqwv1
Wkh htxloleulxp ri Sursrvlwlrq 7 lv udwkhu h{wuhph dqg rqh lv whpswhg
wr dujxh lq idyru ri sxeolf lqwhuyhqwlrq/ h1j1 wkh lqwurgxfwlrq ri d ohjdo
uxoh wkdw pdnhv wkh h{shuw oldeoh iru surylglqj dq lqdssursuldwh lqh{shqvlyh
wuhdwphqw1 Lq uhdolw|/ oldelolw| uxohv duh idu iurp ehlqj shuihfw phfkdqlvpv/
krzhyhu1 Sureohpv dulvh/ h1j1/ lq fdvhv lq zklfk lw lv kdug wr suryh wkdw wkh
wuhdwphqw surylghg zdv qrw vx!flhqw wr vroyh wkh sureohp1 Iru lqvwdqfh/
d wrrwkdfkh qhhgq*w suryh wkdw qhfhvvdu| wuhdwphqw zdv qrw surylghg/ dqg
surylqj wr kdyh d wrrwkdfkh lv e| lwvhoi kdug/ li qrw lpsrvvleoh1 Oldelolw| uxohv
pd| dovr idlo wr gr wkhlu mre zkhq wkhuh lv frqvxphu prudo kd}dug h{ srvw1
Lv wkhuh d zd| rxwB Lq sudfwlfh/ h{shuwv pljkw eh nhsw krqhvw e| wkhlu qhhg
wr pdlqwdlq uhsxwdwlrq +li edg uhsxwdwlrq vsuhdgv/ uhsxwdwlrq frqvlghudwlrqv
pljkw plwljdwh wkh sureohp hyhq li frqvxphuv duh h{shfwhg wr ex| rqo| rqfh,/
ru e| wkhlu ghvluh wr uhwdlq fxvwrphuv zkr duh h{shfwhg wr qhhg d wuhdwphqw
uhshdwhgo|156
8 Frqfoxvlrqv
Suhylrxv zrun kdv irvwhuhg wkh lpsuhvvlrq wkdw wkh htxloleulxp ehkdylru ri
h{shuwv dqg frqvxphuv lq wkh fuhghqfh jrrgv pdunhw gholfdwho| ghshqgv rq
wkh ghwdlov ri wkh prgho1 E| frqwudvw/ wkh suhvhqw sdshu kdv vkrzq wkdw wkh
uhvxowv iru wkh pdmrulw| ri wkh vshfl￿f prghov fdq eh uhsurgxfhg lq d yhu|
vlpsoh xqli|lqj iudphzrun1
Rxu dqdo|vlv vxjjhvwv wkdw pdunhw lqvwlwxwlrqv vroyh wkh iudxgxohqw h{shuw
sureohp dw qr frvw li +l, h{shuw vhoohuv idfh krprjhqhrxv fxvwrphuv/ +ll,
wkhuh h{lvw odujh hfrqrplhv ri vfrsh ehwzhhq gldjqrvlv dqg wuhdwphqw/ dqg
+lll, hlwkhu wkh w|sh ri wuhdwphqw lv yhul￿deoh/ ru d oldelolw| uxoh lv lq h￿hfw
surwhfwlqj frqvxphuv iurp rewdlqlqj dq lqdssursuldwh lqh{shqvlyh wuhdwphqw1
Zh kdyh vkrzq wkdw lqh!flhqw udwlrqlqj dqg lqh!flhqw wuhdwphqw ri vrph
frqvxphu jurxsv pd| dulvh li frqglwlrq +l, idlov wr krog/ wkdw htxloleuld lq0
yroylqj ryhufkdujlqj ri fxvwrphuv ru gxsolfdwlrq ri vhdufk dqg gldjqrvlv frvwv
56Wr rxu ehvw nqrzohgjh Zrolqvn| +4<<6, lv wkh rqo| sdshu lq wkh fuhghqfh jrrgv olwhu0
dwxuh wkdw vwxglhv wkh uhsxwdwlrq phfkdqlvp1 Zrolqvn| dvvxphv oldelolw|/ krzhyhu1
56pd| uhvxow li frqglwlrq +ll, lv ylrodwhg/ dqg wkdw wkh fuhghqfh jrrgv pdunhw
pd| euhdn grzq dowrjhwkhu li frqglwlrq +lll, grhvq*w krog1
Rxu prgho pljkw eh frqvlghuhg uhvwulfwlyh lq vhyhudo uhvshfwv1 Lw uhvwv rq
wkh dvvxpswlrq wkdw wkhuh duh rqo| wzr srvvleoh w|shv ri sureohp dqg rqo| wzr
w|shv ri wuhdwphqw/ wkdw wuhdwphqw frvwv duh revhuydeoh/ wkdw srvwhg sulfhv duh
wdnh0lw0ru0ohdyh0lw sulfhv/ wkdw h{shuwv fdq gldjqrvh d sureohp shuihfwo|/ dqg
vr rq1 Wklv lv fhuwdlqo| d mxvwl￿hg fulwlflvp1 Qhyhuwkhohvv rxu vlpsoh prgho
lv vx!flhqw wr ghulyh prvw uhvxowv ri wkdw fodvv ri prghov wkdw kdyh ehhq wkh
irfxv ri uhvhdufk lq wkh fuhghqfh jrrgv olwhudwxuh157 Wkxv/ rxu vlpsoh prgho
surylghv d xvhixo ehqfkpdun iru wkh ghyhorsphqw ri pruh jhqhudo iudphzrunv
zklfk doorz iru dq dvvhvvphqw ri wkh urexvwqhvv ri wkh uhvxowv1
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9 Dsshqgl{
Surriv ri Ohppdv 8/ 9/ dqg : iroorz1
Surri ri Ohppd 8 Iluvw qrwh wkdw dq| duelwudu| phqx ri sulfh yhfwruv
fdq eh uhsuhvhqwhg e| +dw prvw, wkuhh yduldeohv/ e| wkh orzhvw R iurp wkrvh
yhfwruv lq wkh phqx zklfk kdyh R:RnE S￿S ￿+zh ghqrwh wkh orzhvw R lq
wklv fodvv e| R,,/ e| wkh orzhvw R iurp wkrvh yhfwruv lq wkh phqx zklfk kdyh
R : R ￿ ES ￿ S￿ +zh ghqrwh wklv R e| R,,/ dqg e| wkh orzhvw htxdo pdun0xs
{ iurp doo htxdo pdun0xs yhfwruv lq wkh phqx +ghqrwhg e| {,,1 Wr vhh wklv/
glylgh wkh yhfwruv lq wkh phqx lq wkh phqwlrqhg wkuhh jurxsv/ l1h1/ lq wkh
jurxs ri R:RnE S￿S ￿yhfwruv/ wkh jurxs ri R : R ￿ ES ￿ S￿ yhfwruv/ dqg
wkh jurxs ri R ￿ S ’ R ￿ S yhfwruv1 D frqvxphu zkr ghflghv iru d yhfwru lq
wkh ￿uvw jurxs kdv +e| wkh dujxphqwv lq wkh surri ri Ohppd 5, dq h{shfwhg
xwlolw| ri ￿￿R￿_> wkxv/ kh fkrrvhv wkh yhfwru zlwk wkh orzhvw R/ dqg doo rwkhu
58yhfwruv lq wkh jurxs fdq vdiho| eh ljqruhg vlqfh wkh| dwwudfw qr fxvwrphuv158
Vlploduo|/ wkh h{shfwhg xwlolw| xqghu d R : R￿ES￿S￿ yhfwru lv E￿ ￿ ￿￿￿￿R￿_/
dqg doo yhfwruv lq wkh jurxs exw wkh rqh zlwk wkh orzhvw R fdq eh ljqruhg
vlqfh wkh| duh uhgxqgdqw1 Ilqdoo|/ wkh h{shfwhg xwlolw| xqghu d yhfwru zlwk
htxdo pdun0xsv ri { lv ￿ ￿S ￿￿ES￿ S￿￿{￿ _ dqg doo yhfwruv lq wkh htxdo
pdun0xs jurxs exw wkh rqh zlwk wkh orzhvw { fdq eh ljqruhg1 D ￿uvw lpsol0
fdwlrq ri wklv revhuydwlrq lv wkdw vxffhvvixo sulfh glvfulplqdwlrq uhtxluhv wkdw
vrph w|shv duh plvwuhdwhg zlwk vwulfwo| srvlwlyh suredelolw|1 Zk|B Vlqfh
dw ohdvw wzr yhfwruv pxvw dwwudfw d srvlwlyh phdvxuh ri frqvxphuv dqg vlqfh
rqo| rqh ri wkh wzr fdq eh dq htxdo pdun0xs yhfwru1 D vhfrqg lpsolfdwlrq lv
wkdw hdfk phqx ri sulfh yhfwruv sduwlwlrqv wkh w|sh0vhw lqwr +dw prvw, wkuhh
vxelqwhuydov +gholplwhg e| fxw0r￿ ydoxhv e ￿ dqg h ￿/z l w kf￿e ￿￿h ￿￿￿ ,
vxfk wkdw +l, wkh rswlpdo vwudwhj| ri w|shv lq dfc e ￿￿ lv wr fkrrvh wkh yhfwru
fkdudfwhul}hg e| R,/ +ll, wkh rswlpdo vwudwhj| ri w|shv lq de ￿c h ￿o lv wr ghflgh
iru wkh {, yhfwru/ dqg +lll, wkh rswlpdo vwudwhj| ri w|shv lq Eh ￿c￿o lv hlwkhu
wr fkrrvh R,/r uw ru h p d l qx q w u h d w h g 1 59 Wklv iroorzv iurp wkh idfw wkdw wkh
h{shfwhg xwlolw| xqghu erwk/ wkh {, dqg wkh R, yhfwru/ lv vwulfwo| ghfuhdvlqj lq
￿ zkloh wkh xwlolw| xqghu R, lv d frqvwdqw/ dqg iurp ￿:S￿S+lpso|lqj wkdw
wkh R,0ixqfwlrq lv vwhhshu wkdq wkh {, ixqfwlrq,1 Khuh/ qrwh wkdw zh doorz iru
h ￿ ’￿+doo frqvxphuv duh vhuyhg dqg qr frqvxphu fkrrvhv R,,/ iru e ￿ ’ h ￿ +qr
frqvxphu lv dwwudfwhg e| {,,/ dqg iru e ￿ ’f+qr frqvxphu lv dwwudfwhg e| R,,1
Sulfh glvfulplqdwlrq uhtxluhv/ krzhyhu/ wkdw dw ohvw wzr ri wkh wkuhh uhodwlrqv
krog dv vwulfw lqhtxdolwlhv1 Rxu vwudwhj| lv qrz wr vkrz ￿uvw wkdw dq rswlpdo
sulfh0glvfulplqdwlqj phqx fdqqrw kdyh e ￿ ’ h ￿ +wkdw lv/ wkhuh pxvw eh dq htxdo
pdun0xs yhfwru zklfk dwwudfwv d vwulfwo| srvlwlyh phdvxuh ri w|shv,/ wr vkrz
wkhq wkdw e ￿ ’fzkhqhyhu e ￿￿h ￿+wkdw lv/ wkh h{shuw kdv qhyhu dq lqfhqwlyh wr
srvw d phqx zkhuh erwk dq htxdo pdun0xs yhfwru dqg d R : R￿ES￿S￿ yhfwru
dwwudfw w|shv,/ dqg wr vkrz lq wkh hqg wkdw wkh h{shuw kdv lqghhg dozd|v d
vwulfw lqfhqwlyh wr fryhu d vwulfwo| srvlwlyh lqwhuydo Eh ￿c￿o e| d R, +wkdw lv/ e| d
R:R nES￿S￿yhfwru,1 Wr vhh wkdw e ￿￿h ￿ / vxssrvh wr wkh frqwudu| wkdw e ￿ ’ h ￿1
Wkhq e ￿:f / vlqfh e ￿ ’ h ￿ ’flv lqfrpsdwleoh zlwk sulfh0glvfulplqdwlrq1 Exw
vxfk d phqx lv vwulfwo| grplqdwhg/ vlqfh wkh R, yhfwru fdq dozd|v eh uhsodfhg
58Qhlwkhu wkh frqvxphu qru wkh h{shuw fduhv derxw wkh dvvrfldwhg s1 Doo yhfwruv lq wkh
jurxs wkdw kdyh wkh vdph s fdq wkhuhiruh eh wkrxjkw r￿ dv ehlqj d vlqjoh yhfwru zlwkrxw
dq| orvv lq jhqhudolw|1
59Wkh erughuolqh w|shv e k dqg h k duh lqgl￿huhqw ehwzhhq wkh vwudwhjlhv ri wkh w|shv lq wkh
dgmdfhqw lqwhuydov +zkhqhyhu vxfk lqwhuydov h{lvw,1
59e| d yhfwru zlwk htxdo pdun0xsv ri {’R ,￿Sne ￿ E ￿￿SnS ￿ > wkh odwwhu dw0
wudfwv h{dfwo| wkh vdph w|shv dv wkh uhsodfhg rqh dqg |lhogv d vwulfwo| kljkhu
sur￿w1 Wr vhh wkdw e ￿ ’fzkhqhyhu e ￿￿h ￿ / vxssrvh wr wkh frqwudu| wkdw
f ￿ e ￿￿h ￿ 1 Wkhq wkh h{shuw*v sur￿w lv vwulfwo| lqfuhdvhg e| uhprylqj doo
R : R ￿ ES ￿ S￿ yhfwruv iurp wkh phqx1 Wklv iroorzv iurp wkh revhuydwlrq
wkdw doo w|shv lq dfc e ￿￿ vzlwfk wr {, zkhq doo R : R ￿ ES ￿ S￿ yhfwruv duh uh0
pryhg iurp wkh phqx +e| wkh prqrwrqlflw| ￿ lq ￿ ￿ ri wkh h{shfwhg xwlolw|
xqghu {,,/ dqg iurp wkh idfw wkdw wkh h{shfwhg sur￿w shu fxvwrphu lv vwulfwo|
kljkhu xqghu {, wkdq xqghu R, zkhqhyhu f ￿ e ￿￿h ￿ / vlqfh {, ￿ R, ￿ S lv
lqfrpsdwleoh zlwk wkh vkdsh ri h{shfwhg xwlolwlhv +{, ￿ R, ￿ S lpsolhv wkdw
￿ ￿ S ￿ ￿ES ￿ S￿ ￿ {, ￿ _:E￿ ￿ ￿￿￿ ￿ R, ￿ _ iru doo ￿:ffrqwudglfwlqj
e ￿:f 1, Wkxv/ e ￿ ’f￿h ￿￿￿ 1 Vr/ li sulfh glvfulplqdwlrq lv revhuyhg lq
htxloleulxp lw lv shuiruphg yld d phqx wkdw frqwdlqv wzr sulfh yhfwruv/ rqh
zlwk htxdo pdun0xsv/ dqg rqh zlwk d kljkhu pdun0xs iru wkh pruh h{shqvlyh
wuhdwphqw15: Zh qrz vkrz wkdw wkh h{shuw kdv dozd|v d vwulfw lqfhqwlyh wr
srvw vxfk d phqx1 Frqvlghu wkh htxdo pdun0xs sulfh yhfwru srvwhg e| wkh h{0
shuw xqghu wkh frqglwlrqv ri Ohppd 71 Zlwk wklv rqh0yhfwru phqx doo w|shv
lq dfc h ￿￿ kdyh d vwulfwo| srvlwlyh h{shfwhg xwlolw| xqghu wkh htxdo pdun0xs
yhfwru dqg wkhuhiruh rsw iru lw1 W|sh h ￿ lv dovr wuhdwhg vlqfh kh lv lqgl￿huhqw
dqg vlqfh lqgl￿huhqw w|shv fkrrvh wr eh vhuyhg/ e| dvvxpswlrq1 W|shv lq
Eh ￿c￿o zrxog kdyh d vwulfwo| qhjdwlyh h{shfwhg xwlolw| xqghu {, dqg/ wkhuhiruh/
ghflgh qrw wr ylvlw wkh h{shuw1 Qrz/ vxssrvh wkh prqrsrolvw srvwv d phqx
frqvlvwlqj ri wzr yhfwruv/ wkh rqh fkrvhq xqghu wkh frqglwlrqv ri Ohppd 7
dqg d vhfrqg zlwk R ’ ￿￿_ dqg R ￿ R￿ES￿S￿1 Wklv yhfwru jxdudqwhhv hdfk
w|sh dq h{shfwhg xwlolw| htxdo wr wkh uhvhuydwlrq xwlolw| ri f1 Wkxv/ doo w|shv
lq Eh ￿c￿o zloo rsw iru lw vlqfh wkh| duh lqgl￿huhqw1 Dovr/ doo w|shv lq dfc h ￿o vwloo
fkrrvh wkh htxdo pdun0xs yhfwru vlqfh ￿￿S￿￿ES￿S￿￿{,￿_ ￿ ￿￿R,￿_ ’f
iru ￿ ￿ h ￿ +zlwk vwulfw lqhtxdolw| iru ￿￿h ￿ ,1 Khqfh/ vlqfh R ’ ￿ ￿ _:S
+wkh vwulfw lqhtxdolw| iroorzv iurp rxu dvvxpswlrq wkdw lw lv h{ dqwh h!flhqw
wr wuhdw doo w|shv,/ dqg vlqfh doo w|shv lq dfc￿o kdyh vwulfwo| srvlwlyh sure0
delolw|/ wkh h{shuw*v h{shfwhg sur￿w lv lqfuhdvhg1 Ixuwkhupruh/ wkh h{shuw
fdq gr hyhq ehwwhu e| lqfuhdvlqj {,￿ Wklv iroorzv iurp wkh revhuydwlrq wkdw
wkh h{shuw*v wudgh0r￿ xqghu wkh frqglwlrqv ri Ohppd 7 lv ehwzhhq lqfuhdvlqj
wkh pdun0xs fkdujhg iurp wkh w|shv lq wkh vhjphqw ri vhuyhg fxvwrphuv dqg
orvlqj vrph w|shv wr wkh xqsur￿wdeoh vhjphqw ri qrw vhuyhg frqvxphuv/ zkloh
5:Wkh phqxh pljkw frqwdlq vrph uhgxqgdqw yhfwruv wrr/ zklfk fdq vdiho| eh ljqruhg/
krzhyhu1
5:wkh wudgh0r￿ khuh lv ehwzhhq lqfuhdvlqj wkh pdun0xs fkdujhg iurp wkh w|shv
lq wkh vhjphqw ri fxvwrphuv vhuyhg xqghu wkh pruh sur￿wdeoh htxdo pdun0xs
yhfwru dqg orvlqj vrph w|shv wr wkh vhjphqw ri fxvwrphuv vhuyhg xqghu wkh
ohvv sur￿wdeoh R:RnE S￿S ￿yhfwru1
Surri ri Ohppd 9 Iru wkh sursrvhg vwudwhj| frq￿jxudwlrq wr eh d sr0
whqwldo fdqglgdwh iru d vhtxhqwldo htxloleulxp vfhqdulr wkh suredelolwlhv J dqg
@/ dqg wkh sulfhv R dqg R pxvw vdwlvi|
_ ’E R￿R ￿
E￿ ￿ J￿JE￿ ￿ ￿￿
￿ nE ￿￿￿ ￿J
dqg




Wkh ￿uvw ri wkhvh wzr htxdwlrqv jxdudqwhhv wkdw frqvxphuv zkr jhw d S
uhfrpphqgdwlrq duh lqgl￿huhqw ehwzhhq dffhswlqj dqg uhmhfwlqj= Li wkh|
uhmhfw/ wkh| lqfxu dq dgglwlrqdo gldjqrvlv frvw ri _ iru vxuh1 Wkhlu ehqh0
￿w lv wr sd| ohvv iru wkh wuhdwphqw rq wkhlu vhfrqg ylvlw zlwk suredelolw|
dE￿ ￿ J￿JE￿ ￿￿￿o*d￿ nE ￿￿￿ ￿J oehfdxvh wkh| kdyh wkh plqru sureohp zlwk
suredelolw| dJE￿ ￿ ￿￿o*d￿nE￿￿￿￿Jojlyhq wkdw wkh h{shuw kdv uhfrpphqghg
S￿Wkh vhfrqg htxdwlrq jxdudqwhhv wkdw h{shuwv duh lqgl￿huhqw ehwzhhq uhfrp0
phqglqj S dqg uhfrpphqglqj S zkhq wkh frqvxphu kdv wkh plqru sureohp=
Uhfrpphqglqj wkh fkhds wuhdwphqw jxdudqwhhv d sur￿w ri R ￿ S ’{:f
iru vxuh/ zkloh uhfrpphqglqj wkh h{shqvlyh wuhdwphqw zkhq rqo| wkh fkhds
rqh lv uhtxluhg lv olnh sod|lqj lq d orwwhu| |lhoglqj d sd|r￿ ri R￿S : { zlwk
suredelolw| d@ n JE￿ ￿ @￿o*d￿nJE￿ ￿ @￿o/ dqg }hur rwkhuzlvh1 Wklv suredelo0
lw| wdnhv lqwr dffrxqw wkdw d iudfwlrq ￿*d￿nJE￿ ￿ @￿o ri fxvwrphuv lv rq wkhlu
￿uvw ylvlw +dqg khqfh/ lv dffhswlqj wkh S uhfrpphqgdwlrq zlwk suredelolw| @,/
zkloh wkh uhpdlqlqj iudfwlrq JE￿ ￿ @￿*d￿ nJE￿ ￿ @￿o lv rq wkhlu vhfrqg ylvlw
+dffhswlqj wkh S uhfrpphqgdwlrq iru vxuh,1 Wr vkrz wkdw wkh sursrvhg fdqgl0
gdwh lv uhdoo| d vhtxhqwldo htxloleulxp vfhqdulr zh kdyh wr vshfli| uhdvrqdeoh
+lq wkh vhqvh ri ehlqj frqvlvwhqw zlwk htxloleulxp sod| lq wkh frqwlqxdwlrq
jdph, rxw0ri0htxloleulxp eholhiv dqg vwudwhjlhv wkdw vxssruw wkh htxloleulxp1
Ohw & ghqrwh wkh h{shfwhg frvw wr wkh fxvwrphu li kh iroorzv wkh sursrvhg
htxloleulxp vwudwhj|> wkdw lv/ & ’ R nER￿R￿d￿nE￿￿￿￿J on_￿ Vlploduo|/ ohw
Z ghqrwh wkh sur￿w shu fxvwrphu li h{shuwv iroorz wkh sursrvhg htxloleulxp
5;vwudwhj|> wkdw lv/ Z ’E ￿￿￿ ￿d￿nJE￿ ￿ @￿oER￿S￿n￿ER￿S￿￿Uhvw ri wkh surri
vwloo plvvlqj$
Surri ri Ohppd : Wkh surri lv yhu| vlplodu wr wkdw ri Zrolqvn| +4<<6,*v
Sursrvlwlrq 4/ wkh rqo| gl￿huhqfh ehlqj wkdw h{shuwv fdq uhmhfw wr surylgh d
wuhdwphqw diwhu kdylqj frqgxfwhg wkh gldjqrvlv lq wkh Zrolqvn| prgho/ zkloh
wkh| fdqqrw uhmhfw lq rxu suhvhqw iudphzrun1 Wr vkrz wkdw wkh sursrvhg
vfhqdulr lv sduw ri d vhtxhqwldo htxloleulxp zh kdyh wr vshfli| uhdvrqdeoh
+lq wkh vhqvh ri ehlqj frqvlvwhqw zlwk htxloleulxp sod| lq wkh frqwlqxdwlrq
jdph, rxw0ri0htxloleulxp eholhiv dqg vwudwhjlhv wkdw vxssruw wkh htxloleulxp1
Ohw & ghqrwh wkh h{shfwhg frvw wr wkh fxvwrphu li kh iroorzv wkh sursrvhg
htxloleulxp vwudwhj|> wkdw lv/ & ’ _ nE ￿￿￿ ￿Sn￿E Sn_ ￿ 1 Vxssrvh wkdw
fxvwrphuv eholhyh +l, wkdw dq h{shuw dozd|v surylghv wkh dssursuldwh wuhdw0
phqw lqghshqghqw ri khu ruljlqdo wuhdwphqw0uhfrpphqgdwlrq> +ll, wkdw dq
h{shuw*v uhfrpphqgdwlrq +dqg fkdujlqj, srolf| lv krqhvw li khu srvwhg sulfhv
vdwlvi| hlwkhu R ’ R￿Sn_ru R:Sn_dqg R ￿ S> +lll, wkdw wkh h{shuw
dozd|v uhfrpphqg S/ dqg wkdw fxvwrphuv eholhyh wkdw wkh| kdyh wkh pdmru
sureohp li wkh h{shuw uhfrpphqgv S/l iR:Sn_dqg R : S> +ly, wkdw wkh
h{shuw uhfrpphqgv S li wkh fxvwrphu kdv wkh pdmru sureohp dqg wkdw vkh
udqgrpl}hv ehwzhhq uhfrpphqglqj S dqg uhfrpphqglqj S li kh kdv wkh pl0
qru sureohp +dqg wkdw wkh udqgrpl}dwlrq lv vxfk wkdw d fxvwrphu zkr jhwv d
S uhfrpphqgdwlrq lv lqgl￿huhqw ehwzhhq dffhswlqj dqg uhmhfwlqj, zkhqhyhu
R 5 E& n _￿ dqg R 5 EScSn_￿> dqg +y, wkdw wkh h{shuw dozd|v uhfrpphqgv S/
dqg wkdw fxvwrphuv eholhyh wkdw wkh| kdyh wkh plqru sureohp li wkh h{shuw
uhfrpphqgv S/ lq dq| rwkhu fdvh1 Ixuwkhu vxssrvh wkdw fxvwrphuv zkr ylvlw
dq h{shuw zkr kdv srvwhg d sulfh0yhfwru zkhuh R:Sn_dqg R : S dffhsw
d S uhfrpphqgdwlrq li R ￿ & dqg uhmhfw lw rwkhuzlvh/ dqg wkdw fxvwrphuv
zkr ylvlw rwkhu h{shuwv dffhsw d S uhfrpphqgdwlrq li R ￿ S n _ dqg uhmhfw lw
rwkhuzlvh1 Dovr vxssrvh wkdw fxvwrphuv zkr ylvlw dq h{shuw zkr kdv srvwhg
d sulfh yhfwru vdwlvi|lqj R￿&dffhsw d S uhfrpphqgdwlrq zlwk fhuwdlqw|>
wkdw fxvwrphuv zkr ylvlw dq h{shuw zkr kdv srvwhg d sulfh yhfwru vdwlvi|0
lqj R 5 E&cSn_￿ dqg R ￿Sn_dffhsw d S uhfrpphqgdwlrq zlwk d vwulfwo|
srvlwlyh suredelolw| wkdw nhhsv wkh h{shuw lqgl￿huhqw ehwzhhq uhfrpphqg0
lqj S dqg uhfrpphqglqj S zkhqhyhu wkh fxvwrphu kdv wkh plqru sureohp>
dqg wkdw fxvwrphuv zkr ylvlw rwkhu h{shuwv uhmhfw d S uhfrpphqgdwlrq zlwk
fhuwdlqw|1 Ilqdoo| vxssrvh wkdw fxvwrphuv ehkdyh lq dffrugdqfh zlwk wkh
sursrvhg vhtxhqwldo htxloleulxp vfhqdulr surylghg qr ghyldwlqj h{shuw r￿huv
hlwkhu R ￿Sdqg R:Sn_ /r uR￿S / dqg wkdw h{shuwv ehkdyh lq dffrugdqfh
5<zlwk frqvxphuv* eholhiv1 Iluvw revhuyh wkdw fxvwrphuv eholhiv uh hfw h{shuwv*
lqfhqwlyhv= Xqghu wkh frqglwlrqv ri Ohppd :/ oldelolw| suhyhqwv xqghuwuhdw0
phqw dqg wkh frvw gl￿huhqfh S￿S : f suhyhqwv ryhuwuhdwphqw1 Vr hdfk h{shuw
zloo dozd|v surylgh wkh dssursuldwh wuhdwphqw li wkh fxvwrphu djuhhv wr sur0
fhhg diwhu wkh gldjqrvlv1 Dq h{shuw pljkw/ krzhyhu/ uhfrpphqg wkh zurqj
wuhdwphqw lq wkh krsh wr eh deoh wr fkdujh d kljkhu sulfh1 Zkhwkhu dq h{shuw
kdv dq lqfhqwlyh wr gr wklv/ ghshqgv rq khu srvwhg sulfhv dqg rq fxvwrphuv*
dffhswdqfh ehkdylru1 Wkh h{shuw uhfrpphqgv krqhvwo| li R￿S n _dqg R ’ R/
dqg li R:Sn_dqg R ￿ S/ hlwkhu vlqfh erwk uhfrpphqgdwlrqv duh dffhswhg
dqg kdyh wkh vdph sulfh +lq wkh iruphu fdvh,/ ru vlqfh frqvxphuv suhihu wr
ohdyh diwhu d S uhfrpphqgdwlrq dqg uhfrpphqglqj wkh fkhds wuhdwphqw wr d
fxvwrphu zkr kdv wkh pdmru sureohp lv qrw sur￿wdeoh +lq wkh odwwhu fdvh,> wkh
h{shuw dozd|v uhfrpphqgv S li R:Sn_dqg R : S/ vlqfh d S uhfrpphqgdwlrq
lv dozd|v uhmhfwhg dqg vlqfh wkh sulfh ri wkh fkhds wuhdwphqw h{fhhgv wkh frvw
ri wkh h{shqvlyh rqh> wkh h{shuw uhfrpphqgv S li wkh frqvxphu kdv wkh pdmru
sureohp dqg vkh udqgrpl}hv ehwzhhq uhfrpphqglqj S dqg uhfrpphqglqj S
li kh kdv wkh plqru sureohp zkhqhyhu R 5 E&cSn_￿ dqg R 5 EScSn_￿vlqfh
wkh S uhfrpphqgdwlrq lv dozd|v dffhswhg zkloh wkh S uhfrpphqgdwlrq lv uh0
mhfwhg zlwk vxfk d suredelolw| wkdw vkh lv h{dfwo| lqgl￿huhqw ehwzhhq erwk
uhfrpphqgdwlrqv +e| frqvwuxfwlrq,> dqg wkh h{shuw uhfrpphqgv wkh h{shq0
vlyh wuhdwphqw lq doo rwkhu fdvhv/ hlwkhu ehfdxvh wkh h{shqvlyh wuhdwphqw lv
dffhswhg zlwk fhuwdlqw| dqg R:R / ru ehfdxvh erwk w|shv ri wuhdwphqw duh
uhmhfwhg dq|zd|1 Qh{w revhuyh wkdw fxvwrphuv* vwudwhjlhv duh rswlpdo jlyhq
wkhlu eholhiv= Iluvw frqvlghu frqvxphuv* dffhswdqfh vwudwhjlhv1 Li d vlqjoh h{0
shuw ghyldwhv wkh sursrvhg htxloleulxp r￿huv duh vwloo dydlodeoh vlqfh dw ohdvw
wzr h{shuwv pdnh hdfk r￿hu1 Wkxv/ wkh deryh ghvfulehg dffhswdqfh vwudwh0
jlhv duh rswlpdo jlyhq frqvxphuv* eholhiv1 Qh{w frqvlghu frqvxphuv* ylvlwlqj
vwudwhj|1 Li qr h{shuw ghyldwhv wkh uhohydqw dowhuqdwlyhv duh +l, wr ylvlw d fkhds
h{shuw ￿uvw dqg wr uhmhfw wkh S uhfrpphqgdwlrq dv sursrvhg/ ru +ll, wr ylvlw dq
h{shqvlyh h{shuw ￿uvw dqg wr dffhsw wkh S uhfrpphqgdwlrq1 Wkh iruphu vwudw0
hj| kdv dq h{shfwhg frvw ri _nE￿￿￿￿Sn￿ESn_￿/ wkh odwwhu d frvw ri Sn_/
zkloh wkh ehqh￿w lv wkh vdph1 Vlqfh ES ￿ S￿E￿￿￿￿*￿ : ES ￿ S￿E￿￿￿￿:_
wkh iruphu frvw lv vwulfwo| orzhu dqg fxvwrphuv* ylvlwlqj vwudwhj| lv rswlpdo
li qr h{shuw ghyldwhv1 Jlyhq wkdw wkh htxloleulxp r￿huv duh vwloo dydlodeoh li
d vlqjoh h{shuw ghyldwhv/ dqg jlyhq wkh deryh vshfl￿hg eholhiv/ qr fxvwrphu
kdv dq lqfhqwlyh wr ylvlw d ghyldwlqj h{shuw li khu srvwhg sulfhv h{fhhg wkh
uhvshfwlyh pdujlqdo frvw1 Ilqdoo| revhuyh wkdw qr h{shuw kdv dq lqfhqwlyh wr
ghyldwh= Ghyldwlrqv wr sulfhv vdwlvi|lqj R ￿Sdqg R:Sn_duh xqdwwudfwlyh
63vlqfh rqo| wkh S uhfrpphqgdwlrq lv dffhswhg1 Ghyldwlrqv wr sulfh yhfwruv
zkhuh R ￿ S dqg R ￿ S duh xqdwwudfwlyh vlqfh wkh| dwwudfw qr fxvwrphuv1
Sulfh yhfwruv zkhuh R￿Sduh xqsur￿wdeoh wrr/ li wkh| rqo| dwwudfw fxv0
wrphuv zkr ￿uvw ylvlw d fkhds h{shuw/ dqg/ li uhfrpphqghg wkh h{shqvlyh
wuhdwphqw/ uhvruw wr wkh ghyldwru1 Wkh h{shfwhg frvw wr wkh fxvwrphu ri wklv
odwwhu vwudwhj| lv _ n S n ￿Ee R n _ ￿ S￿c zkhuh e R lv wkh sulfh srvwhg e| wkh
ghyldwru iru wkh h{shqvlyh wuhdwphqw1 Jrlqj gluhfwo| wr wkh ghyldwru dqg df0
fhswlqj khu uhfrpphqgdwlrq/ rq wkh rwkhu kdqg/ frvwv dw prvw e Rn_1 Wkxv/ lq
rughu wr dyrlg ehlqj ylvlwhg rqo| e| ^ frqvxphuv/ wkh ghyldwlrq pxvw vdwlvi|
_ n S n ￿Ee R n _ ￿ S￿ :_ne R / zklfk lv htxlydohqw wr e R￿Sn_￿*E￿ ￿ ￿￿1W r
fryhu h{shfwhg wuhdwphqw frvw wkh sulfh e R pxvw dovr vdwlvi| e R ￿ S n￿ES ￿ S￿1
Exw/ S n ￿ES ￿ S￿ :Sn_￿*E￿ ￿ ￿￿/ vlqfh E￿ ￿￿￿ES￿S￿:_ 1 Wklv suryhv
wkdw qr ghyldwlrq e| dq h{shuw lv sur￿wdeoh1
64